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CHAPTER

ONE

INTRODUCTION

The MOSEK Optimization Suite 8.1.0.52 is a powerful software package capable of solving large-scale
optimization problems of the following kind:

e linear,

e conic quadratic (also known as second-order cone),
e convex quadratic,

e semidefinite,

e and general convex.

Integer constrained variables are supported for all problem classes except for semidefinite and general
convex problems. In order to obtain an overview of features in the MOSEK Optimization Suite consult
the product introduction guide.

The most widespread class of optimization problems is linear optimization problems, where all relations
are linear. The tremendous success of both applications and theory of linear optimization can be ascribed
to the following factors:

e The required data are simple, i.e. just matrices and vectors.

e Convexity is guaranteed since the problem is convex by construction.

Linear functions are trivially differentiable.

There exist very efficient algorithms and software for solving linear problems.

Duality properties for linear optimization are nice and simple.

Even if the linear optimization model is only an approximation to the true problem at hand, the ad-
vantages of linear optimization may outweigh the disadvantages. In some cases, however, the problem
formulation is inherently nonlinear and a linear approximation is either intractable or inadequate. Conic
optimization has proved to be a very expressive and powerful way to introduce nonlinearities, while
preserving all the nice properties of linear optimization listed above.

The fundamental expression in linear optimization is a linear expression of the form

Az —-be K
where K = {y : y > 0}, i.e.,

Az — b=y,

y € K.

In conic optimization a wider class of convex sets K is allowed, for example in 3 dimensions I may
correspond to an ice cream cone. The conic optimizer in MOSEK supports three structurally different
types of cones K, which allows a surprisingly large number of nonlinear relations to be modelled (as
described in the MOSEK modeling cookbook), while preserving the nice algorithmic and theoretical
properties of linear optimization.



http://docs.mosek.com/8.1/intro/index.html
http://docs.mosek.com/modeling-cookbook/index.html
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1.1 Why the Fusion API for Python?

Fusion is an object oriented API specifically designed to build conic optimization models in a simple and
expressive manner, using mainstream programming languages.

Fusion API

Python C++ Java MATLAB .NET

With focus on usability and compactness, it helps the user focus on modelling instead of coding.

Typically a conic optimization model in Fusion can be developed in a fraction of the time compared
to using a low-level C API, but of course Fusion introduces a computational overhead compared to
customized C code. In most cases, however, the overhead is small compared to the overall solution time,
and we generally recommend that Fusion is used as a first step for building and verifying new models.
Often, the final Fusion implementation will be directly suited for production code, and otherwise it
readily provides a reference implementation for model verification. Fusion always yields readable and
easily portable code.

The Fusion API for Python provides access to Conic Optimization, including:
e Linear Optimization (LO)
e Conic Quadratic (Second-Order Cone) Optimization (CQO, SOCO)
e Semidefinite Optimization (SDO)

as well as to an auxiliary linear algebra library.

Convex Quadratic and Quadratically Constrained (QCQO) problems can be reformulated as Conic
Quadratic problems and subsequently solved using Fusion. This is the recommended approach, as
described in the MOSEK the modeling cookbook and this whitepaper.

2 Chapter 1. Introduction
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CONTACT INFORMATION

Phone +45 7174 9373

Website mosek.com

Email
sales@mosek.com Sales, pricing, and licensing
support@mosek.com Technical support, questions and bug reports
info@mosek.com Everything else.

Mailing Address
MOSEK ApS

Fruebjergvej 3

Symbion Science Park, Box 16

2100 Copenhagen O

Denmark

You can get in touch with MOSEK using popular social media as well:

Blogger http:/ /blog.mosek.com

Google Group | https://groups.google.com /forum /#!forum /mosek
Twitter https:/ /twitter.com/mosektw

Google+ https://plus.google.com/+Mosek /posts
Linkedin https://www.linkedin.com /company/mosek-aps

In particular Twitter is used for news, updates and release announcements.



https://mosek.com/
mailto:sales@mosek.com
mailto:support@mosek.com
mailto:info@mosek.com
http://blog.mosek.com/
https://groups.google.com/forum/#!forum/mosek
https://twitter.com/mosektw
https://plus.google.com/+Mosek/posts
https://www.linkedin.com/company/mosek-aps
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LICENSE AGREEMENT

Before using the MOSEK software, please read the license agreement available in the distribution
at <MSKHOME>/mosek/8/mosek-eula.pdf or on the MOSEK website https://mosek.com/products
license-agreement.

MOSEK uses some third-party open-source libraries. Their license details follows.
zlib

MOSEK includes the zlib library obtained from the zlib website. The license agreement for z/ib is shown
in Listing 3.1.

Listing 3.1: 2lib license.

zlib.h -- interface of the 'zlib' general purpose compression library
version 1.2.7, May 2nd, 2012

Copyright (C) 1995-2012 Jean-loup Gailly and Mark Adler

This software is provided 'as-is', without any express or implied
warranty. In no event will the authors be held liable for any damages
arising from the use of this software.

Permission is granted to anyone to use this software for any purpose,
including commercial applications, and to alter it and redistribute it
freely, subject to the following restrictions:

1. The origin of this software must not be misrepresented; you must not
claim that you wrote the original software. If you use this software
in a product, an acknowledgment in the product documentation would be
appreciated but is not required.

2. Altered source versions must be plainly marked as such, and must not be
misrepresented as being the original software.

3. This notice may not be removed or altered from any source distribution.

Jean-loup Gailly Mark Adler
jloup@gzip.org madler@alumni.caltech.edu
fplib

MOSEK includes the floating point formatting library developed by David M. Gay obtained from the
netlib website. The license agreement for fplib is shown in Listing 3.2.

Listing 3.2: fplib license.

/****************************************************************
*



https://mosek.com/products/license-agreement
https://mosek.com/products/license-agreement
http://zlib.org
http://www.netlib.org
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The author of this software is David M. Gay.
Copyright (c) 1991, 2000, 2001 by Lucent Technologies.

Permission to use, copy, modify, and distribute this software for any
purpose without fee is hereby granted, provided that this entire notice
is included in all copies of any software which is or includes a copy
or modification of this software and in all copies of the supporting
documentation for such software.

THIS SOFTWARE IS BEING PROVIDED "AS IS", WITHOUT ANY EXPRESS OR IMPLIED
WARRANTY. IN PARTICULAR, NEITHER THE AUTHOR NOR LUCENT MAKES ANY
REPRESENTATION OR WARRANTY OF ANY KIND CONCERNING THE MERCHANTABILITY
OF THIS SOFTWARE OR ITS FITNESS FOR ANY PARTICULAR PURPOSE.

¥R K K K X X X X X X X X X ¥

***************************************************************/

6 Chapter 3. License Agreement
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INSTALLATION

In this section we discuss how to install and setup the MOSEK Fusion API for Python.

Important: Before running this MOSEK interface please make sure that you:

e Installed MOSEK correctly. Some operating systems require extra steps. See the Installation
guide for instructions and common troubleshooting tips.

e Set up a license. See the Licensing guide for instructions.

Compatibility

The Fusion API for Python requires Python with numpy. The supported versions of Python are shown

below:

Platform

Python

PyPy2.7

Linux 64 bit

2.7, 3.5 and newer

Yes

Mac OS 64 bit

2.7, 3.5 and newer

Yes

Windows 32 and 64 bit

2.7, 3.5 and newer

Yes

4.1 Anaconda

MOSEK can be installed as an Anaconda package, see https:

ample by running

anaconda.org/ MOSEK /mosek, for ex-

conda install -c mosek mosek

If you installed the MOSEK package as part of Anaconda, no additional setup is required.

4.2 PIP and Wheels

MOSEK can be installed as a Wheels package with PIP, using

pip install -f https://download.mosek.com/stable/wheel/index.html Mosek --user

(skip --user for a system-wide installation).

If you installed the MOSEK package with PIP, no additional setup is required.



http://docs.mosek.com/8.1/install/index.html
http://docs.mosek.com/8.1/install/index.html
http://docs.mosek.com/8.1/licensing/index.html
https://anaconda.org/MOSEK/mosek

MOSEK Fusion API for Python, Release 8.1.0.52

4.3 Manual installation

Locating Files

The relevant files of the Fusion API for Python are organized as reported in Table 4.1.

Table 4.1: Relevant files for the Fusion API for Python.
Relative Path Description Label
<MSKHOME>/mosek/8/tools/platform/<PLATFORM>/python/2 | Python 2 install | <PYTHON2DIR>
<MSKHOME>/mosek/8/tools/platform/<PLATFORM>/python/3 | Python 3 install | <PYTHON3DIR>

<MSKHOME>/mosek/8/tools/examples/fusion/python Examples <EXDIR>
<MSKHOME>/mosek/8/tools/examples/fusion/data Additional data | <MISCDIR>
where

e <MSKHOME> is the folder in which the MOSEK package has been installed,

e <PLATFORM> is the actual platform among those supported by MOSEK, i.e. win32x86, win64x86,
1inux64x86 or osx64x86.

Manual install and setting up paths

To install MOSEK for Python run the <PYTHON2DIR>/setup.py or <PYTHON3DIR>/setup.py script
depending on the Python version you want to use. This will add the MOSEK module to your Python
distribution’s library of modules. The script accepts the standard options typical for Python setup
scripts. For instance, to install MOSEK for Python 3 in the user’s local library run:

’$ python3 <PYTHON3DIR>/setup.py install --user

on Linux and Mac OS or

’C:\> python3 <PYTHON3DIR>\setup.py install --user

on Windows.

For a system-wide installation drop the --user flag.

4.4 Testing the Installation

First of all, to check that the Fusion API for Python was properly installed, start Python and try

import mosek

The installation can further be tested by running some of the enclosed examples. Open a terminal,
change folder to <EXDIR> and use Python to run a selected example, for instance:

’python lol.py

8 Chapter 4. Installation
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DESIGN OVERVIEW

Fusion is a result of many years of experience in conic optimization. It is a dedicated API for users
who want to enjoy a simpler experience interfacing with the solver. This applies to users who regularly
solve conic problems, and to new users who do not want to be too bothered with the technicalities of a
low-level optimizer. Fusion is designed for fast and clean prototyping of conic problems without suffering
excessive performance degradation.

Note that Fusion is an object-oriented framework for conic-optimization but it is not a general purpose
modelling language. The main design principles of Fusion are:

e Expressiveness: we try to make it nice! Despite not being a modelling language, Fusion yields
readable, easy to maintain code that closely resembles the mathematical formulation of the problem.

e Seamlessly multi-language : Fusion code can be ported across C+—+, Python, Java, .NET and
MATLAB with only minimal adaptations to the syntax of each language.

e What you write is what MOSEK gets: A Fusion model is fed into the solver with (almost)
no additional transformations.

Expressiveness

Suppose you have a conic quadratic optimization problem like the efficient frontier in portfolio optimiza-
tion:

T

maximize p'xr — oy
subject to e’z = w,
v =[Gzl
x> 0.

Its representation in Fusion is a direct translation of the mathematical model:

M.objective (ObjectiveSense.Maximize, Expr.sub(Expr.dot(mu, x), Expr.mul(alpha, gamma)))

M.constraint (Expr.sub(Expr.sum(x), w), Domain.equalsTo(0.0))
M.constraint (Expr.vstack(gamma, Expr.mul(Expr.transpose(G), x)), Domain.inQCone())
M.constraint(x, Domain.greaterThan(0.0))

Seamless multi-language API

Fusion can easily be ported across the five supported languages. All functionalities and naming conven-
tions remain the same in all of them. This has some advantages:

e Simplifies code sharing between developers working in different languages.
e Improves code reusability.

e Simplifies the transition from R&D to production (for instance from fast-prototyping languages
used in R&D to more efficient ones used for high performance).
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Here is the same code snippet (creation of a variable in the model) in all five languages supported by
Fusion. Careful code design can generate models with only the necessary syntactic differences between
implementations.

’auto x= M->variable("x", 3, Domain::greaterThan(0.0)); // C++

’x = M.variable('x', 3, Domain.greaterThan(0.0)) # Python
’Variable x = M.variable("x", 3, Domain.greaterThan(0.0)) // Java
’Variable x = M.Variable("x", 3, Domain.GreaterThan(0.0)) // C#

’x = M.variable('x', 3, Domain.greaterThan(0.0)) // MATLAB

What You Write is What MOSEK Gets

Fusion is not a modelling language. Instead it clearly defines the formulation the user must adhere to
and only provides functionalities required for that formulation. An important upshot is that Fusion will
not modify the problem provided by the user, except for introducing auxiliary variables required to fit
the problem into the format of the low-level optimizer API. In other words, the problem that is actually
solved is as close as possible to what the user writes.

For example, suppose the user defined a conic constraint

x> \/(21‘2 — 1'3)2 + (41‘3)2

Now the low-level API requires that all variables appearing in all conic constraints are different, and so
Fusion will have to replace the conic constraint with

1 O 0 X1
0 2 -1 T2 =Y,

Y1 > \/y3 + 3.

Note, however, that to use the optimizer API directly the user would have to apply the same transforma-
tion! A similar situation happens when the user defines a number of linear constraints, which have to be
arranged into a large linear constraint matrix A, and so on. So, in effect, the Fusion mechanism only au-
tomates operations that the user would have to carry out anyway (using pencil and paper, presumably).
Otherwise the optimizer model is a direct copy of the Fusion model.

The main benefits of this approach are:
e The user knows what problem is actually being solved.
e Dual information is readily available for all variables and constraints.
e Only the necessary overhead.

e Better control over numerical stability.

10 Chapter 5. Design Overview
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CONIC MODELING

6.1 The model

A model built using Fusion is always a conic optimization problem and it is convex by definition. These
problems can be succinctly characterized as

minimize Tz

subject to Arx+be K (6.1)

where K is a product of the following basic types of cones:
o linear: R™" {x e R" : z<u}, {x eR™ : [ <z}, {z eR" : | <z <u}, apoint,

e quadratic: Q" ={x € R" : x> /23 + -+ a2},
e rotated quadratic: QU = {x € R" : 2xy29 > 25+ --- + 22, 21,72 > 0},
o semidefinite:: ST = {X € R"*™ : X is symmmetric positive semidefinite}.

The main thing about a Fusion model is that it can be specified in a convenient way without explicitly
constructing the representation (6.1). Instead the user has access to variables which are used to construct
linear operators that appear in constraints. The cone types described above are the domains of those
constraints. A Fusion model can potentially contain many different building blocks of that kind. To
facilitate manipulations with a large number of variables Fusion defines various logical views of parts of
the model.

This section briefly summarizes the constructions and techniques available in Fusion. See Sec. 7 for a
basic tutorial and Sec. 10 for more advanced case studies. This section is only an introduction: detailed
specification of the methods and classes mentioned here can be found in the API reference.

A Fusion model is represented by the class Xodel and created by a simple construction

M = Model()

The model object is the user’s interface to the optimization problem, used in particular for
e formulating the problem by defining variables, constraints and objective,
e solving the problem and retrieving the solution status and solutions,

e interacting with the solver: setting up parameters, registering for callbacks, performing I/0, ob-
taining detailed information from the optimizer etc.

e memory management.

Almost all elements of the model: variables, constraints and the model itself can be constructed with or
without names. If used, the names for each type of object must be unique. Choosing a good naming
convention can make the problem more readable when dumped to a file. Most Fusion components also
support some degree of pretty printing (toString method).

11
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6.2 Variables

Continuous variables can be scalars, vectors or higher-dimensional arrays. The are added to the model
with the method Model.wvariable which returns a representing object of type Vartable. The shape of a
variable (number of dimensions and length in each dimension) has to be specified at creation. Optionally
a variable may be created in a restricted domain (by default variables are unbounded, that is in R). For
instance, to declare a variable z € R’} we could write

’ x = M.variable("x", n, Domain.greaterThan(0.))

A multi-dimensional variable is declared by specifying an array with all dimension sizes. Here is an n xn
variable:

’ x = M.variable( [n,n], Domain.unbounded() )

The specification of dimensions can also be part of the domain, as in this declaration of a symmetric
positive semidefinite variable of dimension n:

’ v = M.variable(Domain.inPSDCone(n));

Integer variables are specified with an additional domain modifier. To add an integer variable z € [1,10]
we write

’ z= M.variable('z', Domain.integral (Domain.inRange(1.,10.)) )

The function Domain.binary is a shorthand for binary variables often appearing in combinatorial prob-
lems:

’ y= M.variable('y', Domain.binary())

Integrality requirement can be switched on and off using the methods Variable.makelInteger and
Vartable.makeContinuous.

The Variable object provides the primal (Variable. level) and dual (Variable. dual) solution values
of the variable after optimization, and it enters in the construction of linear expressions involving the
variable.

6.3 Linear algebra

Linear expressions are constructed combining variables and matrices by linear operators. The result is an
object that represents the linear expression itself. Fusion only allows for those combinations of operators
and arguments that yield linear functions of the variables. Expressions have shapes and dimensions in
the same fashion as variables. For instance, if x € R™ and A € R™*™, then Az is a vector expression of
length m. Note, however, that the internal size of Ax is mn, because each entry is a linear combination
for which m coefficients have to be stored.

Expressions are concrete implementations of the virtual interface Ezpression. In typical situations,
however, all operations on expressions can be performed using the static methods and factory methods
of the class Ezpr.

12 Chapter 6. Conic Modeling
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Table 6.1: Linear Operators

Method Description

Ezpr.add Element-wise addition of two matrices

Ezpr. sudb Element-wise subtraction of two matrices

Ezpr.mul Matrix or matrix-scalar multiplication

Ezpr.neg Sign inversion

Ezpr.outer Vector outer-product

Ezpr.dot Dot product

Ezpr. sum Sum over a given dimension

Ezpr.mulDiag Sum over the diagonal of a matrix which is the result of a matrix multiplication
Ezpr.constTerm | Return a constant term

Operations on expressions must adhere to the rules of matrix algebra regarding dimensions; otherwise a
DimensionError exception will be thrown.

Expression can be composed, nested and used as building blocks in new expressions. For instance Axz+ By
can be implemented as:

’ Expr.add( Expr.mul(A,x), Expr.mul(B,y) )

For operations involving multiple variables and expressions the users should consider list-based methods.
For instance, a clean way to write x + y + 2z + w would be:

’ Expr.add( [x, y, z, w] )

Note that a single variable (object of class Variable) can also be used as an expression. Once con-
structed, expressions are immutable.

6.4 Constraints and objective

Constraints are declared within an optimization model using the method Model.constraint. Every
constraint in Fusion has the form

’ Ezpression belongs to a Domain. ‘

Objects of type Domain correspond roughly to the types of convex cones K mentioned at the beginning
of this section. For instance, the following set of linear constraints

X1 + 2132 =0
—+ X9 + T3 = 0 (6.2)
I =0

could be declared as

A=T[T[tL.0, 2.0, 0.0],
[0.0, 1.0, 1.0],
[ 1.0, 0.0, 0.0] 1]

x = M.variable("x",3,Domain.unbounded())
¢ = M.constraint( Expr.mul(A,x), Domain.equalsTo(0.0))

Note that the scalar domain Domain. equalsTo consisting of a single point 0 scales up to the dimension of
the expression and applies to all its elements. This allows many constraints to be comfortably expressed
in a vectorized form. See also Sec. 6.7.

The Constraint object provides the dual (Constraint.dual) value of the constraint after optimization
and the primal value of the constraint expression (Constraint. level).

6.4. Constraints and objective 13
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The typical domains used to specify constraints are listed below. Note that they can also be used directly
at variable creation, whenever that makes sense.

Type Domain
Linear equality Domain.equalsTo
inequality < Domain. lessThan
inequality > Domain.greaterThan
two-sided bound Domain. inRange
Conic Quadratic | quadratic cone Domain. infCone
rotated quadratic cone | Domain.inRotatedfCone
Semidefinite PSD matrix Domain. inPSDCone
Integral Integers in domain D Domain.integral (D)
{0,1} Domain.binary

Having discussed variables and constraints we can finish by defining the optimization objective with
Model.objective. The objective function is a scalar expression and the objective sense is specified by
the enumeration 0bjectiveSense as either minimize or mazimize. The typical linear objective function

¢TIz can be declared as

M.objective( ObjectiveSense.Minimize, Expr.mul(c,x) )

6.5 Matrices

At some point it becomes necessary to specify linear expressions such as Ax where A is a (large) constant
data matrix. Such coefficient matrices can be represented in dense or sparse format. Dense matrices can
always be represented using the standard data structures for arrays and two-dimensional arrays built into
the language. Alternatively, or when sparsity can be exploited, matrices can be constructed as objects
of the class Matriz. This can have some advantages: a more generic code that can be ported across
platforms and can be used with both dense and sparse matrices without modifications.

Dense matrices are constructed with a variant of the static factory method Matriz.dense. The values
of all entries must be specified all at once and the resulting matrix is immutable. For example the matrix

12 3 4
A[5678}

can be defined with:

A= [ [1, 2, 3, 41, [5, 6, 7, 8] ]
Ad= Matrix.dense(A)

or from a flattened representation:

A=[1, 2, 3, 4, 5, 6, 7, 81
Af= Matrix.dense(2, 4, A)

Sparse matrices are constructed with a variant of the static factory method Matriz.sparse. This is
both speed- and memory-efficient when the matrix has few nonzero entries. A matrix A in sparse format
is given by a list of triples (i, j,v), each defining one entry: A; ; = v. The order does not matter. The
entries not in the list are assumed to be 0. For example, take the matrix

1.0 0.0 0.0 2.0

A=100 30 00 40 |-

Assuming we number rows and columns from 0, the corresponding list of triplets is:
A =1{(0,0,1.0),(0,3,2.0),(1,1,3.0),(1,3,4.0) }

The Fusion definition would be:
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rows =[0, 0,1, 1]
cols =[0, 3, 1, 31
values= [ 1.0, 2.0, 3.0, 4.0 ]

m = Matrix.sparse(len(rows), len(cols), rows, cols, values)

The Matriz class provides more standard constructions such as the identity matrix, a constant value
matrix, block diagonal matrices etc.

6.6 Stacking and views

Fusion provides a way to construct logical views of parts of existing expressions or combinations of
existing expressions. They are still represented by objects of type Variable or Ezpression that refer
to the original ones. This can be useful in some scenarios:

e retrieving only the values of a few variables, and ignoring the remaining auxiliary ones,
e stacking vectors or matrices to perform various matrix operations,

e bundling a number of similar constraints into one; see Sec. 6.7,

e adding constraints between parts of the same variable, etc.

All these operations do not require new variables or expressions, but just lightweight logical views. In
what follows we will concentrate on expressions; the same techniques are available for variables. These
techniques will be familiar to the users of numerical tools such as Matlab or NumPy.

Picking and slicing

Ezpression.pick picks a subset of entries from a variable or expression. Special cases of picking are
Ezpression.index, which picks just one scalar entry and Ezpression.slice which picks a slice, that
is restricts each dimension to a subinterval. Slicing is a frequently used operation.

Lt

Fig. 6.1: Two dimensional slicing.

Both displayed regions are slices of the two-dimensional 4 x 4 expression, which can be selected as follows:

Al = Ax.slice([0,0],[2,2])
A2 = Ax.index([3,3])
Reshaping

Expressions can be reshaped creating a view with the same number of coordinates arranged in a different
way. A particular example of this operation if flattening, which converts any multi-dimensional expression
into a one-dimensional vector.

6.6. Stacking and views 15
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Stacking

Stacking refers to the concatenation of expressions to form a new larger one. For example, the next
figure depicts the vertical stacking of two vectors of shape 1 x 3 resulting in a matrix of shape 2 x 3.

allaZlal allazla3

bllb2|b3

N
/

blbZ|b3

¢ = Expr.vstack([a, b]l);

Vertical stacking (Ezpr.vstack) of expressions of shapes d; X ds and dj X dy has shape (d; + d}) x da.
Similarly, horizontal stacking (Ezpr.hstack) of expressions of shapes d; x dy and dy X d has shape
dy x (da+db). Fusion supports also more general versions of stacking for multi-dimensional variables, as
described in Ezpr.stack. A special case of stacking is repetition (Ezpr.repeat), equivalent to stacking
copies of the same expression.

6.7 Vectorization

Using Fusion one can compactly express sequences of similar constraints. For example, if we want to
express

AIZ' :bi, 1= 1,...,71
we can think of z; € R™ b; € R* as the columns of two matrices X = [z1,...,7,] € R™*" B =
[b1,...,b,] € R¥*" and write simply
AX —B=0.

X = Var.hstack( [ xi[i] for i in range(n) ] )
Expr.hstack( [ bi[i] for i in range(n) ] )

(oo}
]

M.constraint (Expr.sub(Expr.mul(A, X), B), Domain.equalsTo(0.0))

In this example the domain Domain. equalsTo scales to apply to all the entries of the expression.

Another powerful case of vectorization and scaling domains is the ability to define a sequence of conic
constraints in one go. Suppose we want to find an upper bound on the 2-norm of a sequence of vectors,
that is we want to express

t> il i=1,...,n

Suppose that the vectors y; are arranged in the rows of a matrix Y. Then we can simply write:

t = M.variable();

M.constraint (Expr.hstack(Var.vrepeat(t, n), Y), Domain.inQCone())

Here, again, the conic domain Domain. infCone is by default applied to each row of the matrix separately,
yielding the desired constraints in a loop-free way (the i-th row is (t,y;)). The direction along which
conic constraints are created within multi-dimensional expressions can be changed with Domain.azis.

We recommend vectorizing the code whenever possible. It is not only more elegant and portable but
also more efficient — loops are eliminated and the number of Fusion API calls is reduced.
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6.8 Reoptimization

Between optimizations the user can modify the model in two ways:

e Add new constraints with Xodel.constraint. This is useful for solving a sequence of optimization
problems with more and more restrictions on the feasible set. See for example Sec. 10.9.

e Replace the objective with a new one. This is particularly useful when solving a sequence of
problems with the same data but different objectives, for instance in multi-objective optimization.
For simplicity, suppose we want to minimize f(z) = ya + Sy, for varying choices of v > 0. Then
we could write:

gamma=[0., 0.5, 1.0] # Choices for gamma
beta = 2.0
with Model() as M:

x = M.variable('x',1,Domain.greaterThan(0.))

y = M.variable('y',1,Domain.greaterThan(0.))

beta_y = Expr.mul(beta,y)

for g in gamma:
M.objective( ObjectiveSense.Minimize,Expr.add(Expr.mul(g,x), beta_y) )
M.solve()

e Add a new expression to an existing constraint (Constraint.add).

Otherwise all Fusion objects are immutable.

6.8. Reoptimization 17
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CHAPTER

SEVEN

OPTIMIZATION TUTORIALS

In this section we demonstrate how to set up basic types of optimization problems. Each short tutorial
contains a working example of formulating problems, defining variables and constraints and retrieving

solutions.

7.1 Linear Optimization

The simplest optimization problem is a purely linear problem. A linear optimization problem is a problem

of the following form:

Minimize or maximize the objective function

n—1

E . f
cjxj+ ¢

j=0

subject to the linear constraints

n—1
ZESZaijj <ug, k=0,...,m-—1,
=0
and the bounds
7 <z;<uj, j=0,...,n—1

The problem description consists of the following elements:
e m and n — the number of constraints and variables, respectively,
e r — the variable vector of length n,

e ¢ — the coefficient vector of length n

co
c= ,
Cn—1
e ¢/ — fixed term in the objective,
e A — an m x n matrix of coefficients
ao,0 T ag,(n—1)
A= :
Am-1),0 " A(m-1),(n—1)
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e [ and u® — the lower and upper bounds on constraints,
e [” and u® — the lower and upper bounds on variables.
Please note that we are using 0 as the first index: xg is the first element in variable vector x.

The Fusion user does not need to specify all of the above elements explicitly — they will be assembled
from the Fusion model.

7.1.1 Example LO1

The following is an example of a small linear optimization problem:

maximize 3xzg + lz; + Ddxe + lzg

subject to 3xp + 1lxz; + 2x9 = 30, (7.1)
2¢ + 1y + 3z + 1lzg > 15, ’
211 + 3x3 < 25,
under the bounds
0 < Zo g 00,
0 < z; < 10,
0 S x2 S 0,
0 < z3 < o0

We start our implementation in Fuston importing the relevant modules, i.e.

’from mosek.fusion import *

Next we declare an optimization model creating an instance of the Xodel class:

’ with Model("lol") as M:

For this simple problem we are going to enter all the linear coefficients directly:

0]

A = [[3.0, 1.0, 2.0, 0.0],
[2.0, 1.0, 3.0, 1.0],
(0.0, 2.0, 0.0, 3.0]]

¢ = [3.0, 1.0, 5.0, 1.0]

The variables appearing in problem (7.1) can be declared as one 4-dimensional variable:

’ x = M.variable("x", 4, Domain.greaterThan(0.0))

At this point we already have variables with bounds 0 < z; < 0o, because the domain is applied element-
wise to the entries of the variable vector. Next, we impose the upper bound on x:

’ M.constraint(x.index(1), Domain.lessThan(10.0))

The linear constraints can now be entered one by one using the dot product of our variable with a
coeflicient vector:

M.constraint("c1", Expr.dot(A[0], x), Domain.equalsTo(30.0))
M.constraint("c2", Expr.dot(A[1], x), Domain.greaterThan(15.0))
M.constraint("c3", Expr.dot(A[2], x), Domain.lessThan(25.0))

We end the definition of our optimization model setting the objective function in the same way:

M.objective("obj", ObjectiveSense.Maximize, Expr.dot(c, x))

Finally, we only need to call the Xodel.solve method:
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M.solve()

The solution values can be attained with the method Variable. level.

sol = x.level()
print('\n'.join(["x[%d] = %f" % (i, sol[il) for i in range(4)]))

Listing 7.1: Fusion implementation of model (7.1).

from mosek.fusion import *

def main(args):

A= [[3.0, 1.0, 2.0, 0.0],
[2.0, 1.0, 3.0, 1.0],
[0.0, 2.0, 0.0, 3.0]]

¢ = [3.0, 1.0, 5.0, 1.0]

# Create a model with the name 'lol'
with Model("lol") as M:

# Create variable 'z' of length 4
x = M.variable("x", 4, Domain.greaterThan(0.0))

Create constraints

.constraint (x.index (1), Domain.lessThan(10.0))
.constraint("c1", Expr.dot(A[0], x), Domain.equalsTo(30.0))
.constraint("c2", Expr.dot(A[1], x), Domain.greaterThan(15.0))
.constraint("c3", Expr.dot(A[2], x), Domain.lessThan(25.0))

EEERR s

# Set the objective function to (c~t * z)
.objective("obj", ObjectiveSense.Maximize, Expr.dot(c, x))

=

# Solve the problem
M.solve()

# Get the solution values
sol = x.level()
print('\n'.join(["x[%d] = %f" % (i, sol[i]l) for i in range(4)]))

7.2 Conic Quadratic Optimization

Conic optimization is a generalization of linear optimization, allowing constraints of the type
.'L't S Kt,

where 2! is a subset of the problem variables and X, is a convex cone. Since the set R™ of real numbers
is also a convex cone, we can simply write a compound conic constraint z € IC where K = Iy X -+ X K
is a product of smaller cones and x is the full problem variable.

MOSEK can solve conic quadratic optimization problems of the form

minimize e+l
subject to ¢ < Ax < uc,
w < x <
r e,

where the domain restriction, x € K, implies that all variables are partitioned into convex cones

r= (22" .. . 2P7), with 2" € K, C R™.
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For convenience, a user defining a conic quadratic problem only needs to specify subsets of variables x*
belonging to quadratic cones. These are:

e Quadratic cone:

Q" =
e Rotated quadratic cone:
n—1
o = xeR":Zxoxlzzx?, x>0, x1>0
j=2

For example, the following constraint:

(1‘47 anxQ) S QS

describes a convex cone in R? given by the inequality:

xq >\ 2k + 23

In Fusion the coordinates of a cone are not restricted to single variables. They can be arbitrary linear
expressions, and an auxiliary variable will be substituted by Fusion in a way transparent to the user.

7.2.1 Example CQO1

Consider the following conic quadratic problem which involves some linear constraints, a quadratic cone
and a rotated quadratic cone.

minimize  y; + Y2 + Y3

subject to x1 + x2 + 2.0x3 = 1.0,
T1,T2,T3 > OO, (72)
(ylaxlax2) € QS;
(y2,y3,23) € Q3.

We start by creating the optimization model:

with Model('cqol') as M:

We then define variables x and y. Two logical variables (aliases) z1 and z2 are introduced to model the
quadratic cones. These are not new variables, but map onto parts of x and y for the sake of convenience.

x = M.variable('x', 3, Domain.greaterThan(0.0))
y = M.variable('y', 3, Domain.unbounded())

# Create the aliases

# z1 = [ y[o],z[0],z[1] ]

# and z2 = [ y[1],y[2],z[2] ]

z1l = Var.vstack(y.index(0), x.slice(0, 2))
z2 = Var.vstack(y.slice(1l, 3), x.index(2))

The linear constraint is defined using the dot product:

# Create the constraint
# z[0] + x[1] + 2.0 z[2] = 1.0
M.constraint("lc", Expr.dot([1.0, 1.0, 2.0], x), Domain.equalsTo(1.0))

The conic constraints are defined using the logical views z1 and 22 created previously. Note that this is a
basic way of defining conic constraints, and that in practice they would have more complicated structure.
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# Create the constraints

# z1 belongs to C_3

# z2 belongs to K_3

# where C_3 and K_3 are respectively the quadratic and
# rotated quadratic cone of size 3, i.e.

# 21[0] >= sqrt(z1[1]°2 + z1[2]"°2)

# and 2.0 2z2[0] z2[1] >= z2[2]"2

qcl = M.constraint("qcl", z1, Domain.inQCone())

gc2 = M.constraint("qc2", z2, Domain.inRotatedQCone())

We only need the objective function:

# Set the objective function to (y[0] + y[1] + y[2])
M.objective("obj", ObjectiveSense.Minimize, Expr.sum(y))

Calling the Model.solve method invokes the solver:

M.solve()

The primal and dual solution values can be retrieved using Variable. level, Constraint.level and
Variable.dual, Constraint.dual, respectively:

# Get the linear solution values
solx = x.level()
soly = y.level()

# Get conic solution of qcl
qcllvl = gcl.level()
gclsn = gcl.dual()

Listing 7.2: Fusion implementation of model (7.2).

from mosek.fusion import *

with Model('cqol') as M:

x = M.variable('x', 3, Domain.greaterThan(0.0))
y = M.variable('y', 3, Domain.unbounded())

# Create the aliases

# z1 = [ yl[o],z[0],z[1] ]

# and 22 = [ y[1],yl[2],z[2] ]

z1 = Var.vstack(y.index(0), x.slice(0, 2))
z2 = Var.vstack(y.slice(l, 3), x.index(2))

**

Create the constraint
z[0] + x[1] + 2.0 z[2] = 1.0
M.constraint("lc", Expr.dot([1.0, 1.0, 2.0], x), Domain.equalsTo(1.0))

**

# Create the constraints

# 21 belongs to C_3

# z2 belongs to K_3

# where C_3 and K_3 are respectively the quadratic and
# rotated quadratic cone of size 3, i.e.

# z1[0] >= sqrt(z1[1]°2 + z1[2]"2)

# and 2.0 z2[0] 2z2[1] >= z2[2]"2

qcl = M.constraint("qcl", z1, Domain.inQCone())

gc2 = M.constraint("qc2", z2, Domain.inRotatedQCone())

# Set the objective function to (y[0] + y[1] + y[2])
M.objective("obj", ObjectiveSense.Minimize, Expr.sum(y))
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# Solve the problem
M.solve()

# Get the linear solution values
solx = x.level()

soly = y.level()

print('x1,x2,x3 = %s' 7, str(solx))
print('yl,y2,y3 = %s' % str(soly))

# Get conic solution of qcl

qcllvl = qcl.level()

gclsn = gcl.dual()

print('qcl levels %s' % str(qellvl))
print('qcl dual conic var levels = s' J, str(qclsn))

7.3 Semidefinite Optimization

Semidefinite optimization is a generalization of conic quadratic optimization, allowing the use of matrix
variables belonging to the convex cone of positive semidefinite matrices

Sjr:{XEST:zTXZZO, VzERT},

where S is the set of r x r real-valued symmetric matrices.

MOSEK can solve semidefinite optimization problems of the form

minimize > s (}cjx]—i—zj 0 <C X))+l
subject to If < 3TUC " agx; + Z < g X)) < oug, i=0,...,m—1,
ljm < < UJI'; J =Y, ;n—1
wEICX ES j=0,...,p—1

where the problem has p symmetric positive semidefinite variables X; € Sf of dimension r; with
symmetric coefficient matrices C; € 8™ and 4; ; € 8"7. We use standard notation for the matrix inner
product, i.e., for A, B € R™*"™ we have

m—1n—1

=0 j5=0

In Fusion the user can enter the linear expressions in a more convenient way, without having to cast the
problem exactly in the above form.

7.3.1 Example SDO1

We consider the simple optimization problem with semidefinite and conic quadratic constraints:

minimize < , X> + x9

0
1
2
0
subject to < 0 ,X>+xo = 1,
1
1
1
1

(ML

zo > V1?2 + 292,

=== O O = O =N
— == O = O RN

,X>+Jc1 + x9 = 1/2,
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The problem description contains a 3-dimensional symmetric semidefinite variable which can be written
explicitly as:

- Xoo XIO Xzo
X = {10 {11 {21 € Si
Xoo Xo1 Xoo

and a conic quadratic variable (zg, 21, 22) € Q3. The objective is to minimize
2(X o0 + X10 + X11 + X21 + Xa2) + 2o,

subject to the two linear constraints

. X+t Xu+ Xty = 1L
Xoo+ X114+ Xoo +2(X10+Xoo+ Xo1)+a1+22 = 1/2.

Our implementation in Fusion begins with creating a new model:

with Model("sdol") as M:

We create a symmetric semidefinite variable X and another variable representing z. For simplicity we
immediately declare that x belongs to a quadratic cone

X = M.variable("X", Domain.inPSDCone(3))
x = M.variable("x", Domain.inQCone(3))

In this elementary example we are going to create an explicit matrix representation of the problem

2107 1007 111
C=|12 1|, 4=|010|,4=|11"1
0 1 2 00 1 11 1

and use it in the model via the dot product operation (-, -) which applies to matrices as well as to vectors.
This way we create each of the linear constraints and the objective as one expression.

# Objective
M.objective(ObjectiveSense.Minimize, Expr.add(Expr.dot(C, X), x.index(0)))

# Constraints
M.constraint("c1", Expr.add(Expr.dot(Al, X), x.index(0)), Domain.equalsTo(1.0))
M.constraint("c2", Expr.add(Expr.dot(A2, X), Expr.sum(x.slice(1,3))), Domain.

—equalsTo(0.5))

Now it remains to solve the problem with Model.solve.

Listing 7.3: Fusion implementation of problem (7.3).

import mosek
from mosek.fusion import *

def main(args):
with Model("sdol") as M:

# Setting up the variables
= M.variable("X", Domain.inPSDCone(3))
x = M.variable("x", Domain.inQCone(3))

>

# Setting up constant coefficient matrices

C = Matrix.demse ( [[2.,1.,0.]1,[1.,2.,1.1,[0.,1.,2.1] )
A1l = Matrix.eye(3)

A2 = Matrix.ones(3,3)

# Objective
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M.objective(ObjectiveSense.Minimize, Expr.add(Expr.dot(C, X), x.index(0)))

# Constraints

M.constraint("cl1", Expr.add(Expr.dot(Al, X), x.index(0)), Domain.equalsTo(1.0))

M.constraint("c2", Expr.add(Expr.dot(A2, X), Expr.sum(x.slice(1,3))), Domain.
—equalsTo(0.5))

M.solve()

print(X.level())
print(x.level())

7.4 Integer Optimization

An optimization problem where one or more of the variables are constrained to integer values is called a
(mixed) integer optimization problem. MOSEK supports integer variables in combination with linear
and conic quadratic problems. See the previous tutorials for an introduction to how to model these types
of problems.

7.4.1 Example MILO1

We use the example

maximize g + 0.64x,

subject to 50xg + 31z < 250, (7.4)
3$0 - 21’1 > —47 ’
zg,x1 >0 and integer

to demonstrate how to set up and solve a problem with integer variables. It has the structure of a linear
optimization problem (see Sec. 7.1) except for integrality constraints on the variables. Therefore, only
the specification of the integer constraints requires something new compared to the linear optimization
problem discussed previously.

First, the integrality constraints are imposed by modifying any existing domain with Domain. integral:

x = M.variable('x', 2, Domain.integral(Domain.greaterThan(0.0)))

Next, the example demonstrates how to set various useful parameters of the mixed-integer optimizer.
See Sec. 13 for details.

Set maz solution time
.setSolverParam('mioMaxTime', 60.0)

Set mazx relative gap (to its default value)
.setSolverParam('mioTolRelGap', le-4)

Set maz absolute gap (to its default value)
.setSolverParam('mioTolAbsGap', 0.0)

2o 2w 2w

The complete source for the example is listed in Listing 7.4.

Listing 7.4: How to solve problem (7.4).

from mosek.fusion import *

def main(args):
A = [[50.0, 31.0],
[3.0, -2.01]
c = [1.0, 0.64]
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with Model('milol') as M:
x = M.variable('x', 2, Domain.integral(Domain.greaterThan(0.0)))

Create the constraints

50.0 =z[0] + 31.0 =[1] <= 250.0

3.0 ©[0] - 2.0 o[1] >= -4.0
.constraint('cl', Expr.dot(A[0], x), Domain.lessThan(250.0))
.constraint('c2', Expr.dot(A[1], x), Domain.greaterThan(-4.0))

=2 R oW oW

Set maz solution time
.setSolverParam('mioMaxTime', 60.0)

Set max relative gap (to its default value)
.setSolverParam('mioTolRelGap', le-4)

Set maz absolute gap (to its default value)
.setSolverParam('mioTolAbsGap', 0.0)

e S R -

# Set the objective function to (c°T * z)
M.objective('obj', ObjectiveSense.Maximize, Expr.dot(c, x))

# Solve the problem
M.solve()

# Get the solution values
print('[x0, x1] = ', x.level())
print ("MIP rel gap = %.2f (Jf)" % (M.getSolverDoubleInfo(
"mioObjRelGap"), M.getSolverDoubleInfo("mioObjAbsGap")))

7.4.2 Specifying an initial solution

Solution time of can often be reduced by providing an initial solution for the solver. It is not necessary
to specify the whole solution. By setting the mioConstructSol parameter to "on" and inputting values
for the integer variables only, MOSEK will be forced to compute the remaining continuous variable
values. If the specified integer solution is infeasible or incomplete, MOSEK will simply ignore it.

We concentrate on a simple example below.

maximize Tz + 10x1 + x2 + 5x3
subject to g+ 1 +x2 + 73 < 2.5
To,T1,To €L
%o, T1,%2,73 > 0

(7.5)

We initialize the mixed-integer optimizer with a feasible starting point (zg, z1, 22, 23) = (0,2, 0,0) using
the method Vartable.setlevel:

Listing 7.5: Fusion implementation of problem (7.5) specifying an initial solution.

init_sol = [0.0, 2.0, 0.0, 0.0]
x.setlLevel(init_sol)

The complete code is not very different from the first example and is available for download as
mioinitsol.py. For more details about this process see Sec. 13. An more advanced application of
Variable.setLevel is presented in the case study on Multiprocessor scheduling.

7.5 Problem Modification and Reoptimization

Often one might want to solve not just a single optimization problem, but a sequence of problems, each
differing only slightly from the previous one. This section demonstrates how to modify and re-optimize
an existing problem. The example we study is a simple production planning model.
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Problem modifications regarding variables, cones, objective function and constraints can be grouped in
categories:

e adding constraints and variables,
e modifying existing constraints.

Adding new variables and constraints is very easy. Modifications to existing constraints are more cum-
bersome, and the user should consider whether it is not worth rebuilding the model from scratch in such
case. The amount of work required by Fusion to update the optimizer task may outweigh the potential
gains.

Depending on the type of modification, MOSEK may be able to optimize the modified problem more
efficiently exploiting the information and internal state from the previous execution. After optimization,
the solution is always stored internally, and is available before next optimization. The former optimal
solution may be still feasible, but no longer optimal; or it may remain optimal if the modification of the
objective function was small.

In general, MOSEK exploits dual information and availability of an optimal basis from the previous
execution. The simplex optimizer is well suited for exploiting an existing primal or dual feasible solution.
Restarting capabilities for interior-point methods are still not as reliable and effective as those for the
simplex algorithm. More information can be found in Chapter 10 of the book [Chv83].

Parameter settings (see Sec. 8.4) can also be changed between optimizations.

7.5.1 Example: Production Planning

A company manufactures three types of products. Suppose the stages of manufacturing can be split into
three parts: Assembly, Polishing and Packing. In the table below we show the time required for each
stage as well as the profit associated with each product.

Product no. | Assembly (minutes) | Polishing (minutes) | Packing (minutes) | Profit ($)
0 2 3 2 1.50
1 4 2 3 2.50
2 3 3 2 3.00

With the current resources available, the company has 100, 000 minutes of assembly time, 50, 000 minutes
of polishing time and 60,000 minutes of packing time available per year. We want to know how many
items of each product the company should produce each year in order to maximize profit?

Denoting the number of items of each type by zg,x1 and x5, this problem can be formulated as a linear
optimization problem:

maximize 1.5z9 + 2.5x1 + 3.0x2

subject to 2x¢9 4+ 4x; 4+ 3z < 100000, (7.6)
3z + 221 + 3z < 50000, ’
20 4+  3x1 + 2z < 60000,

and
xo, 21,22 > 0.
Code in Listing 7.6 loads and solves this problem.

Listing 7.6: Setting up and solving problem (7.6)

# Problem data
c=1[1.5, 2.5, 3.01

A=1[1I2, 4, 31,
(3, 2, 31,
[2, 3, 211
b = [ 100000.0, 50000.0, 60000.0 ]
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numvar = len(c)
numcon = len(b)

# Create a model and input data

with Model() as M:

x = M.variable(numvar, Domain.greaterThan(0.0))
con = M.constraint (Expr.mul(A, x), Domain.lessThan(b))
M.objective(ObjectiveSense.Maximize, Expr.dot(c, x))
# Solve the problem

M.solve()

7.5.2 Changing the Linear Constraint Matrix

Suppose we want to change the time required for assembly of product 0 to 3 minutes. This corresponds to
setting ag,o = 3. Now the Constraint provides the method Constraint.add, which sums the constraint
expression with another expression and updates the constraint expression. In our case the update we
need is 1 -z (since 2+ 1 = 3).

con.index(0) .add(x.index(0))

The problem now has the form:

and

maximize 1.5z

subject to  3zg
333‘0
2.130

+ 2527 + 3.0x9
+ 4z + 3To
+ 211 + 3To
+ 3z + 2x9

xo, 1,22 > 0.

After this operation we can reoptimize the problem.

7.5.3 Appending Variables

We now want to add a new product with the following data:

100000,
50000,
60000,

INIA A

Product no.

Assembly (minutes)

Polishing (minutes)

Packing (minutes)

Profit ($)

3

4

0

1

1.00

(7.7)

This corresponds to creating a new variable 3, appending a new column to the A matrix and setting a
new term in the objective. We do this in Listing 7.7

Listing 7.7: How to add a new variable (column)

#ERHRERARAAAAE Add a new vartable #HEXHHHRHHHAAALLY
# Create a variable and a compound view of all variables
x3 = M.variable(Domain.greaterThan(0.0))
xNew = Var.vstack(x, x3)

# Add to the exising constraint
con.add (Expr .mul(x3,

(4, 0, 11))

# Change the objective to include z3

M.objective(ObjectiveSense.Maximize, Expr.dot(c+[1.0], xNew))

After this operation the new problem is:

maximize 1.5z9 + 2.5x;1 + 3.0xs + 1.0x3
subject to 3xg 4+ 4dx; 4+ 3z + 4dxzz < 100000, (7.8)
3rg + 2x7 +  3axg < 50000, ’
21’0 + 31’1 + 2(E2 + ]..’Eg < 60000,
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and

Lo, T1,T2,T3 > 0.

7.5.4 Appending Constraints

Now suppose we want to add a new stage to the production process called Quality control for which
30000 minutes are available. The time requirement for this stage is shown below:

Product no. | Quality control (minutes)
0 1
1 2
2 1
3 1

This corresponds to adding the constraint

To + 221 + 22 + x3 < 30000

to the problem. This is done as follows.

Listing 7.8: Adding a new constraint.

Hunspsninindadt Add a new constraint #A#A#ALHLREREREY
M.constraint (Expr.dot (xNew, [1, 2, 1, 1]), Domain.lessThan(30000.0))

Again, we can continue with re-optimizing the modified problem.

For a more in-depth treatment see the following sections:

e (Cuase studies for more advanced and complicated optimization examples.

e Problem Formulation and Solutions for formal mathematical formulations of problems MOSEK
can solve, dual problems and infeasibility certificates.
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CHAPTER

EIGHT

SOLVER INTERACTION TUTORIALS

In this section we cover the interaction with the solver.

8.1 Accessing the solution

This section contains important information about the status of the solver and the status of the solution,
which must be checked in order to properly interpret the results of the optimization.

8.1.1 Solver termination

If an error occurs during optimization then the method Model.solve will throw an exception of type
OptimizeError. The method FusionRuntimeEzception.toString will produce a description of the
error, if available. More about exceptions in Sec. 8.2.

If a runtime error causes the program to crash during optimization, the first debugging step is to enable
logging and check the log output. See Sec. 8.3.

If the optimization completes successfully, the next step is to check the solution status, as explained
below.

8.1.2 Available solutions

MOSEK uses three kinds of optimizers and provides three types of solutions:
e basic solution (BAS, from the simplex optimizer),
e interior-point solution (ITR, from the interior-point optimizer),
e integer solution (ITG, from the mixed-integer optimizer).

Under standard parameters settings the following solutions will be available for various problem types:

Table 8.1: Types of solutions available from MOSEK

Simplex optimizer

Interior-point
mizer

opti-

Mixed-integer  opti-
mizer

Linear problem SolutionType. SolutionType.
Basic Interior

Conic (nonlinear) problem SolutionType.
Interior

Problem with integer vari-

ables

SolutionType.
Integer

For linear problems the user can force a specific optimizer choice making only one of the two solutions
available. For example, if the user disables basis identification, then only the interior point solution will
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be available for a linear problem. Numerical issues may cause one of the solutions to be unknown even
if another one is feasible.

Not all components of a solution are always available. For example, there is no dual solution for integer
problems.

The user will always need to specify which solution should be accessed.

Moreover, the user may be oblivious to the actual solution type by always referring to SolutionType.
Default, which will automatically select the best available solution, if there is more than one. Moreover,
the method Model.selectedSolution can be used to fix one solution type for all future references.

8.1.3 Problem and solution status

Assuming that the optimization terminated without errors, the next important step is to check the
problem and solution status. There is one for every type of solution, as explained above.

Problem status

Problem status (ProblemStatus, retrieved with Model.getProblemStatus) determines whether the
problem is certified as feasible. Its values can roughly be divided into the following broad categories:

e feasible — the problem is feasible. For continuous problems and when the solver is run with default
parameters, the feasibility status should ideally be ProblemStatus.PrimalAndDualFeasible.

e primal/dual infeasible — the problem is infeasible or unbounded or a combination of those.
The exact problem status will indicate the type of infeasibility.

e unknown — the solver was unable to reach a conclusion, most likely due to numerical issues.

Solution status

Solution status (SolutionStatus, retrieved with Model.getPrimalSolutionStatus and Model.
getDualSolutionStatus) provides the information about what the solution values actually contain.
The most important broad categories of values are:

e optimal (SolutionStatus.Optimal) — the solution values are feasible and optimal.

e near optimal (SolutionStatus.VearOptimal) — the solution values are feasible and they were
certified to be at least nearly optimal up to some accuracy.

e certificate — the solution is in fact a certificate of infeasibility (primal or dual, depending on the
solution).

e unknown/undefined — the solver could not solve the problem or this type of solution is not
available for a given problem.

The solution status determines the action to be taken. For example, in some cases a suboptimal solution
may still be valuable and deserve attention. It is the user’s responsibility to check the status and quality
of the solution.

Typical status reports

Here are the most typical optimization outcomes described in terms of the problem and solution statuses.
Note that these do not cover all possible situations that can occur.
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Table 8.2: Continuous problems (solution status for

SolutionType.Interior or SolutionType.Basic)

Outcome

Problem status Solution status (pri- | Solution status
mal) (dual)

Optimal ProblemStatus. SolutionStatus. SolutionStatus.
PrimalAndDualFeasible Optimal Optimal

Primal infeasible ProblemStatus. SolutionStatus. SolutionStatus.
PrimallInfeasible Unknown Certificate

Dual infeasible ProblemStatus. SolutionStatus. SolutionStatus.
Duallnfeasible Certificate Unknouwn

Uncertain (stall, numeri- | ProblemStatus. Unknown SolutionStatus. SolutionStatus.

cal issues, etc.) Unknown Unknown

Table 8.3: Integer problems (solution status for SolutionType.
Integer, others undefined)

Outcome Problem status Solution status (primal) | Solution status (dual)
Integer optimal ProblemStatus. SolutionStatus. SolutionStatus.
PrimalFeasible Optimal Unknoun
Infeasible ProblemStatus. SolutionStatus. SolutionStatus.
PrimalInfeasible Unknown Unknown
Integer feasible | ProblemStatus. SolutionStatus. SolutionStatus.
point PrimalFeasible Feasible Unknown
No conclusion ProblemStatus. Unknoun SolutionStatus. SolutionStatus.
Unknown Unknouwn

8.1.4 Retrieving solution values

After the meaning and quality of the solution (or certificate) have been established, we can query for the
actual numerical values. They can be accessed with methods such as:

e Model.primalObjValue, Model.dualObjValue — the primal and dual objective value.

e Variable. level — solution values for the variables.

e (Constraint.level — values of the constraint expressions in the current solution.
e (Constraint.dual, Variable.dual — dual values.
Remark

By default only at least near optimal solutions are returned. An attempt to access a solution with a
weaker status will result in an exception. This can be changed by choosing another level of acceptable
solutions with the method Model.acceptedSolutionStatus. In particular, this method must be called
to enable retrieving suboptimal solutions and infeasibility certificates. For instance, one could write

M.acceptedSolutionStatus(AccSolutionStatus.Feasible)

The current setting of acceptable solutions can be checked with Yodel.getdcceptedSolutionStatus.
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8.2 Errors and exceptions

Exceptions

Almost every method in Fusion API for Python can throw an exception informing that the requested
operation was not performed correctly, and indicating the type of error that occurred. This is the case
in situations such as for instance:

e incompatible dimensions in a linear expression,
e defining an invalid value for a parameter,

e accessing an undefined solution,

e repeating a variable name, etc.

It is therefore a good idea to catch exceptions of type FusionEzception and its specific subclasses. The
one case where it is extremely important to do so is when Model.solve is invoked. We will say more
about this in Sec. 8.1.

The exception contains a short diagnostic message. They can be accessed as in the following example.

with Model() as M:
try:
M.setSolverParam("intpntCoTolRelGap", 1.01)
except mosek.fusion.ParameterError as e:
print ("Error: {0}".format(e.toString()))

It will produce as output:

Error: Invalid value for parameter (intpntCoTolRelGap)

Optimizer errors and warnings

The optimizer may also produce warning messages. They indicate non-critical but important events,
that will not prevent solver execution, but may be an indication that something in the optimization
problem might be improved. Warning messages are normally printed to a log stream (see Sec. 8.3). A
typical warning is, for example:

MOSEK warning 53: A numerically large upper bound value 6.6e+09 is specified for constraint
< 'C69200' (46020) .

8.3 Input/Output

The Model class is also a proxy for input/output operations related to an optimization model.

8.3.1 Stream logging

By default the solver runs silently and does not produce any output to the console or otherwise. However,
the log output can be redirected to a user-defined output stream or stream callback function. The log
output is analogous to the one produced by the command-line version of MOSEK.

To redirect all log messages use the method Model.setLogHandler. For instance, we can use the
standard output:

M.setLogHandler(sys.stdout)

A log stream can be detached by passing NULL.
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8.3.2 Log verbosity

The logging verbosity can be controlled by setting the relevant parameters, as for instance
e log,
e logIntpnt,
e logMio,
e logCutSecondlpt,
e logSim, and
e logSimMinor.

Each parameter controls the output level of a specific functionality or algorithm. The main switch is
log which affect the whole output. The actual log level for a specific functionality is determined as the
minimum between log and the relevant parameter. For instance, the log level for the output produce by
the interior-point algorithm is tuned by the logIntpnt; the actual log level is defined by the minimum
between log and logIntpnt.

Tuning the solver verbosity may require adjusting several parameters. It must be noticed that verbose
logging is supposed to be of interest during debugging and tuning. When output is no more of interest,
the user can easily disable it globally with log. Larger values of Log do not necessarily result in increased
output.

By default MOSEK will reduce the amount of log information after the first optimization on a given
problem. To get full log output on subsequent re-optimizations set logCutSecondOpt to zero.

8.3.3 Saving a problem to a file

An optimization model defined in Fusion can be dumped to a file using the method Model.writeTask.
The file format will be determined from the filename’s extension. Supported formats are listed in Sec.
15 together with a table of problem types supported by each.

For instance the problem can be written to an MPS file with

’ M.writeTask('dump.mps"')

All formats can be compressed with gzip by appending the .gz extension, for example

’ M.writeTask('dump.mps.gz')

Some remarks:

e The problem is written to the file as it is represented in the underlying optimizer task, that is
including auxiliary variables introduced by Fusion if necessary.

e Unnamed variables are given generic names. It is therefore recommended to use meaningful variable
names if the problem file is meant to be human-readable.

e The task format is MOSEK’s native file format which contains all the problem data as well as
solver settings.

8.3.4 Reading a problem from a file

It is not possible to read a file saved with Model.writeTask back into Fusion because the structure
of the high-level optimization model is not saved. However, such problem files can be solved with the
command-line tool or read by the low-level Optimizer APT if necessary. See the documentation of those
interfaces for details.
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8.3.5 Pretty printing

Most Fusion objects (variables, matrices, expressions, constraints) provide a toString() method which
returns a plain text string representation of the object. This can be useful for inspecting and debugging
the contents of small models. In general, the string will contain

e object type,
e size and dimension,
e the contents of the object, usually using a sparse representation.

For example, consider the element-wise product of the identity matrix with a square variable:

x = M.variable("x", [4,4], Domain.unbounded())
ee = Expr.mulElm(Matrix.eye(4), x)
print( ee.toString() )

This will be formatted as

Expr(ndim=(4,4),

[ ([o0]) -> + 1.0 X[0,0],
(f1 11) -> + 1.0 x[1,1],
([2 2]) -> + 1.0 X[2,2],
([33]) -> +1.0X[3,3] D

As expected, only the nonzeros are printed.

8.4 Setting solver parameters

MOSEK comes with a large number of parameters that allows the user to tune the behavior of the
optimizer. The typical settings which can be changed with solver parameters include:

e choice of the optimizer for linear problems,

e choice of primal/dual solver,

e turning presolve on/off,

e turning heuristics in the mixed-integer optimizer on/off,

e level of multi-threading,

e feasibility tolerances,

e solver termination criteria,

e behaviour of the license manager,
and more. All parameters have default settings which will be suitable for most typical users.
The API reference contains:

o Full list of parameters

e List of parameters grouped by topic

Setting parameters

Each parameter is identified by a unique string name and it can accept either integers, floating point
values or symbolic strings. Parameters are set using the method Model.setSolverParam. Fusion will
try to convert the given argument to the exact expected type, and will raise an exception if that fails.

Some parameters accept only symbolic strings from a fixed set of values. The set of accepted values for
every parameter is provided in the API reference.
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For example, the following piece of code sets up parameters which choose and tune the interior point
optimizer before solving a problem.

Listing 8.1: Parameter setting example.

# Set log level (integer parameter)

M.setSolverParam("log", 1)

# Select interior-point optimizer... (parameter with symbolic string values)
M.setSolverParam("optimizer", "intpnt")

# ... without basis identification (parameter with symbolic string values)
M.setSolverParam("intpntBasis", "never")

# Set relative gap tolerance (double parameter)
M.setSolverParam("intpntCoTolRelGap", 1.0e-7)

# The same in a different way

M.setSolverParam("intpntCoTolRelGap", "1.0e-7")

# Incorrect value
try:

M.setSolverParam("intpntCoTolRelGap", -1)
except ParameterError as e:

print('Wrong parameter value')

8.5 Retrieving information items

After the optimization the user has access to the solution as well as to a report containing a large amount
of additional information items. For example, one can obtain information about:

e timing: total optimization time, time spent in various optimizer subroutines, number of iterations,
etc.

e solution quality: feasibility measures, solution norms, constraint and bound violations, etc.
e problem structure: counts of variables of different types, constraints, nonzeros, etc.
e integer optimizer: integrality gap, objective bound, number of cuts, etc.

and more. Information items are numerical values of integer, long integer or double type. The full list
can be found in the API reference:

e Double information items
e [nteger information items
e Long information items

Certain information items make sense, and are made available, also during the optimization process.
They can be accessed from a callback function, see Sec. 8.7 for details.

Remark

For efficiency reasons, not all information items are automatically computed after optimization. To force
all information items to be updated use the parameter autoUpdateSolInfo.

Retrieving the values

Values of information items are fetched using one of the methods
e Nodel.getSolverDoublelInfo for a double information item,

e Model.getSolverIntInfo for an integer information item,
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e Model.getSolverLIntInfo for a long integer information item.

Each information item is identified by a unique name. The example below reads two pieces of data from
the solver: total optimization time and the number of interior-point iterations.

Listing 8.2: Information items example.

tm
it

M.getSolverDoubleInfo("optimizerTime")
M.getSolverIntInfo("intpntIter")

print('Time: {0}\nIterations: {1}'.format(tm,it))

8.6 Stopping the solver

The Model provides the method Model.breakSolver that notifies the solver that it must stop as soon as
possible. The solver will not terminate momentarily, as it only periodically checks for such notifications.
In any case, it will stop as soon as possible. The typical usage pattern of this method would be:

e build the optimization model M,

e create a separate thread in which M will run,

e break the solver by calling Model.breakSolver from the main thread.
Warnings and comments:

e It is recommended to use the solver parameters to set or modify standard built-in termination
criteria (such as maximal running time, solution tolerances etc.). See Sec. 8.4.

e More complicated user-defined termination criteria can be implemented within a callback function.
See Sec. 8.7.

e The state of the solver and solution after termination may be undefined.

e This operation is very language dependent and particular care must be taken to avoid stalling or
other undesired side effects.

8.6.1 Example: Setting a Time Limit
For the purpose of the tutorial we will implement a busy-waiting breaker with the time limit as a termi-
nation criterion. Note that in practice it would be better just to set the parameter optimizerMazTime.

Suppose we built a model M that is known to run for quite a long time (in the accompanying example
code we create a particular integer program). Then we could create a new thread solving the model:

T = threading.Thread(target=M.solve)

In the main thread we are going to check if one of the two criteria are satisfied:
e a time limit has elapsed,
e the user pressed CTRL+C.

After calling Model.breakSolver we should wait for the solver thread to actually return. Altogether
this scenario can be implemented as follows:

Listing 8.3: Stopping solver execution.

T = threading.Thread(target=M.solve)
TO = time.time()

try:
T.start() # optimization now running in background
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# Loop until we get a solution or you run out of patience and press
# Ctrl-C
while True:
if not T.isAlive():
print("Solver terminated before anything happened!")
break
elif time.time() - TO > timeout:
print("Solver terminated due to timeout!")
M.breakSolver ()
break
except KeyboardInterrupt:
print("Signalling the solver that it can give up now!")
M.breakSolver ()
finally:
try:
T.join() # wait for the solver to return
except:
pass

8.7 Progress and data callback

Callbacks are a very useful mechanism that allow the caller to track the progress of the MOSEK
optimizer. A callback function provided by the user is regularly called during the optimization and can
be used to

e obtain a customized log of the solver execution,
e collect information for debugging purposes or
e ask the solver to terminate.
Fusion API for Python has the following callback mechanisms:
e progress callback, which provides only the basic status of the solver.

e data callback, which provides the solver status and a complete set of information items that
describe the progress of the optimizer in detail.

Warning

The callbacks functions must not invoke any functions of the solver, environment or task. Otherwise the
state of the solver and its outcome are undefined.

8.7.1 Data callback

In the data callback MOSEK passes a callback code and values of all information items to a user-
defined function. The callback function is called, in particular, at the beginning of each iteration of the
interior-point optimizer. For the simplex optimizers logSimFreq controls how frequently the call-back
is called. Note that the callback is done quite frequently, which can lead to degraded performance. If
the information items are not required, the simpler progress callback may be a better choice.

The data callback is set by calling the method Model.setDataCallbackHandler.

The callback function should have the following signature

callback(caller, douinf, intinf, lintinf)

Arguments:
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caller - the status of the optimizer.
e douinf - values of double information items.

e intinf - values of integer information items.

lintinf - values of long information items.

Return value: Non-zero return value of the callback function indicates that the optimizer should be
terminated.

8.7.2 Progress callback

In the progress callback MOSEK provides a single code indicating the current stage of the optimization
process.

The callback is set by calling the method Model.setCallbackHandler.

The callback function should have the following signature

progress(caller)

Arguments:
e caller - the status of the optimizer.

Return value: Non-zero return value of the callback function indicates that the optimizer should be
terminated.

8.7.3 Working example: Data callback

The following example defines a data callback function that prints out some of the information items. It
interrupts the solver after a certain time limit.

Note that the time limit refers to time spent in the solver and does not include setting up the model in
Fusion.

Listing 8.4: An example of a data callback function.

def makeUserCallback(model, maxtime):
def userCallback(caller,
douinf,
intinf,
lintinf):
opttime = 0.0

if caller == callbackcode.begin_intpnt:
print ("Starting interior-point optimizer")
elif caller == callbackcode.intpnt:
itrn = intinf[iinfitem.intpnt_iter]
pobj = douinf [dinfitem.intpnt_primal_obj]
dobj = douinf [dinfitem.intpnt_dual_obj]
stime = douinf [dinfitem.intpnt_time]
opttime = douinf [dinfitem.optimizer_time]

print("Iterations: 7-3d" % itrn)

print (" Elapsed time: 76.2f(}.2f) " 7, (opttime, stime))

print(" Primal obj.: /-18.6e Dual obj.: %-18.6e" 7 (pobj, dobj))
elif caller == callbackcode.end_intpnt:

print("Interior-point optimizer finished.")
elif caller == callbackcode.begin_primal_simplex:

print ("Primal simplex optimizer started.")
elif caller == callbackcode.update_primal_simplex:

itrn = intinf[iinfitem.sim_primal_iter]
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pobj = douinf [dinfitem.sim_obj]
stime = douinf [dinfitem.sim_time]
opttime = douinf[dinfitem.optimizer_time]

print ("Iterations: %-3d" % itrn)
print(" Elapsed time: 76.2f(%.2f)" 7 (opttime, stime))
print(" Obj.: %-18.6e" 7, pobj)

elif caller == callbackcode.end_primal_simplex:
print("Primal simplex optimizer finished.")
elif caller == callbackcode.begin_dual_simplex:

print("Dual simplex optimizer started.")
elif caller == callbackcode.update_dual_simplex:
itrn = intinf[iinfitem.sim_dual_iter]
pobj = douinf[dinfitem.sim_obj]
stime = douinf[dinfitem.sim_time]
opttime = douinf[dinfitem.optimizer_time]
print("Iterations: 7%-3d" % itrn)
print(" Elapsed time: 7%6.2f(%.2f)" 7 (opttime, stime))
print(" Obj.: %-18.6e" 7 pobj)
elif caller == callbackcode.end_dual_simplex:
print("Dual simplex optimizer finished.")
elif caller == callbackcode.begin_bi:
print("Basis identification started.")
elif caller == callbackcode.end_bi:
print("Basis identification finished.")
else:
pass

if opttime >= maxtime:
# mosek is spending too much time. Terminate %t
print("Too much time, terminating.")
return 1

return 0O

return userCallback

Assuming that we have defined a model M and a time limit maxtime, the callback function is attached
as follows:

Listing 8.5: Attaching the data callback function to the model.

userCallback = makeUserCallback(model=M, maxtime=0.07)
M.setDataCallbackHandler (userCallback)

8.8 Optimizer API Task

This section is intended for advanced users and should normally never be followed unless advanced
debugging or very specialized functionalities are required.

The Model is a wrapper on top of an underlying MOSEK low-level optimizer task. Access to the task
is provided by the method Model.getTask. The functionalities available from the task are described in
the documentation of the relevant Optimizer API.

Warning

Note that the user gets access to the actual task in the model, and not its clone. Changing the state of
the task will most likely invalidate the Fusion model.
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CHAPTER

NINE

TECHNICAL GUIDELINES

This section contains some technical guidelines for Fusion users.
For modelling guidelines check one of the following sections:
e Sec. 6 for an overview of how to express optimization problems in Fusion.
e Sec. 12 for how to address numerical issues in modelling and how to tune the continuous optimizers.

e Sec. 13 for how to tune the mixed-integer optimizer.

9.1 Limitations

Fusion imposes some limitations on certain aspects of a model to ensure easier portability:

e Constraints and variables belong to a single model, and cannot as such be used (e.g. stacked) with
objects from other models.

e Most objects forming a Fusion model are immutable.
The limits on the model size in Fusion are as follows:

e The maximum number of variable elements is 23! — 1.

e The maximum size of a dimension is 23! — 1.

e The total size of an item (the product of dimensions) is limited to 262 — 1.

9.2 Memory management and garbage collection

Users who experience memory leaks using Fusion, especially:
e memory usage not decreasing after the solver terminates,
e memory usage increasing when solving a sequence of problems,

should make sure that the Model objects are properly garbage collected. Since each Model object links
to a MOSEK task resource in a linked library, it is sometimes the case that the garbage collector is
unable to reclaim it automatically. This means that substantial amounts of memory may be leaked. For
this reason it is very important to make sure that the Yodel object is disposed of manually when it is
not used any more. The necessary cleanup is performed by the method ¥odel. dispose.

The Model supports the Context Manager protocol, so it will be destroyed properly when used in the
construction:

with Model() as M:
# Work with the model here
pass;

One can also write
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try:

M = Model()

# Work with the model here
finally:

M.dispose()

This construction assures that the Yodel. dispose method is called when the object goes out of scope,
even if an exception occurred. If this approach cannot be used, e.g. if the Model object is returned by
a factory function, one should explicitly call the Model.dispose method when the object is no longer
used.

Furthermore, if the Yodel class is extended, it is necessary to dispose of the superclass if the initialization
of the derived subclass fails. One can use a construction such as:

class MyModel (Model):
def __init__(self):

finished = False

try:
Model.__init__(self)
# other inttialization
finished = True

finally:
if not finished:

self .dispose()

9.3 Multithreading

Thread safety

Sharing a Model object between threads is safe, as long as it is not accessed from more than one thread
at a time. Multiple Model objects can be used in parallel without any problems.

Parallelization

The interior-point and mixed-integer optimizers in MOSEK are parallelized. By default MOSEK will
automatically select the number of threads. However, the maximum number of threads allowed can be
changed by setting the parameter numThreads and related parameters. This should never exceed the
number of cores. See Sec. 12 and Sec. 13 for more details for the two optimizer types.

The speed-up obtained when using multiple threads is highly problem and hardware dependent. We
recommend experimenting with various thread numbers to determine the optimal settings. For small
problems using multiple threads may be counter-productive because of the associated overhead.

By default the optimizer is run-to-run deterministic, which means that it will return the same answer
each time it is run on the same machine with the same input, the same parameter settings (including
number of threads) and no time limits.

9.4 Efficiency

In some cases Fusion must reformulate the problem by adding auxiliary variables and constraints before
it can be represented in the optimizer’s internal format. This can cause a significant overhead. The
following guidelines can help speed up the process.
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Decide between sparse and dense matrices

Deciding whether a matrix should be stored in dense or sparse format is not always trivial. First, there
are storage considerations. An n X m matrix with [ non zero entries, requires

e ~ n - m storage space in dense format,
e ~ 3 -] storage space in sparse (triplet) format.

Therefore if [ < n - m, then the sparse format has smaller memory requirements. Especially for very
sparse density matrices it will also yield much faster expression transformations. Also, this is the format
used ultimately by the underlying optimizer task. However, there are borderline cases in which these
advantages may vanish due to overhead spent creating the triplet representation.

Sparsity is a key feature of many optimization models and often occurs naturally. For instance, linear
constraints arising from networks or multi-period planning are typically sparse. Fusion does not detect
sparsity but leaves to the user the responsibility of choosing the most appropriate storage format.

Reduce the number of Fusion calls and level of nesting

A possible source of performance degradation is an excessive use of nested expressions resulting in a
large number of Fusion calls with small model updates, where instead the model could be updated in
larger chunks at once. In general, loop-free code and reduction of expression nesting are likely to be
more efficient. For example the expression

n
> A
=1

xT; € Rk,AZ‘ € Rka,

could be implemented in a loop as

ee = Expr.constTerm(k, 0.)
for i in range(n):
ee = Expr.add( ee, Expr.mul(A[i],x[i]) )

A better way is to store the intermediate expressions for A;x; and sum all of them in one step:

ee = Expr.add( [ Expr.mul(AA,xx) for (AA,xx) in zip(A,x)] )

Fusion design naturally promotes this sort of vectorized implementations. See Sec. 6.7 for more examples.

Do not fetch the whole solution if not necessary

Fetching a solution from a shaped variable produces a flat array of values. This means that some
reshaping has to take place and that the user gets all values even if they are potentially interested only
in some of them. In this case, it is better to create a slice variable holding the relevant elements and
fetch the solution for this subset. See Sec. 6.6. Fetching the full solution may cause an exception due to
memory exhaustion or platform-dependent constraints on array sizes.

Remove names

Variables, constraints and the objective function can be constructed with user-assigned names. While
this feature is very useful for debugging and improves the readability of both the code and of problems
dumped to files, it also introduces quite some overhead: Fusion must check and make sure that names
are unique. For optimal performance it is therefore recommended to not specify names at all.
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9.5 The license system

MOSEK is a commercial product that always needs a valid license to work. MOSEK uses a third
party license manager to implement license checking. The number of license tokens provided determines
the number of optimizations that can be run simultaneously.

By default a license token remains checked out from the first optimization until the end of the MOSEK
session, i.e.

e a license token is checked out when the method Model.solve is called the first time, and
e the token is returned when the process exits.

Starting the optimization when no license tokens are available will result in an error.

Default behaviour of the license system can be changed in several ways:

o Setting the parameter cachelicense to "off" will force MOSEK to return the license token
immediately after the optimization completed.

e Setting the license wait flag with Model.putlicensewart or with the parameter licenselait will
force MOSEK to wait until a license token becomes available instead of throwing an exception.

e Additional license checkouts and checkins can be performed manually through the underlying
MOSEK task and environment. See Sec. 8.8.

e The default path to the license file can be changed with Yodel.putlicensepath.
9.6 Deployment

When redistributing a Python application using the MOSEK Fusion API for Python 8.1.0.52, the
following libraries must be included:

64-bit Linux 64-bit Windows 32-bit Windows 64-bit Mac OS
libmosek64.s0.8.1 | mosek64_8_1.d11 | mosek8_1.d11 libmosek64.8.1.dylib
libiomp5.so libompbmd.dll libompbmd.dll

libcilkrts.so.5 cilkrts20.d11 cilkrts20.d11 libcilkrts.5.dylib
libmosekxx8_1.s0 mosekxx8_1.d11 mosekxx8_1.d11 | libmosekxx8_1.dylib

Furthermore, one (or both) of the directories
e python/2/mosek for Python 2.x applications,
e python/3/mosek for Python 3.x applications.
must be included.

By default the MOSEK Python API will look for the binary libraries in the MOSEK module directory,
i.e. the directory containing __init__.py. Alternatively, if the binary libraries reside in another direc-
tory, the application can pre-load the mosekxx library from another location before mosek is imported,
e.g. like this

import ctypes ; ctypes.CDLL('my/path/to/mosekxx.dl1')
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CHAPTER

TEN

CASE STUDIES

In this section we present some case studies in which the Fusion API for Python is used to solve real-life
applications. These examples involve some more advanced modelling skills and possibly some input data.
The user is strongly recommended to first read the basic tutorials of Sec. 7 before going through these

advanced case studies.

Case Studies Type | Int. Keywords

Portfolio Optimization CQO | NO | stacking, objective function change

Primal SVM CQO | NO | variable repeat

2D Total Variation CQO | NO | slicing, sliding windows

Inner and outer Lowner-John Ellipsoids SDO | NO | determinant root

Nearest Correlation Matrixz Problem SDO | NO | Frobenius norm, nuclear norm

Semidefinite relaxation of MIQCQO prob- | SDO | NO | integer least squares

lems

SUDOKU Game MILP | YES | assignment constraints

Multi Processor Scheduling MILP | YES | assignment constraints, initial solu-
tion

Travelling Salesman MILP | YES | graph, row generation

10.1 Portfolio Optimization

This case study is devoted to the Portfolio Optimization Problem.

10.1.1 The Basic Model

The classical Markowitz portfolio optimization problem considers investing in n stocks or assets held
over a period of time. Let z; denote the amount invested in asset j, and assume a stochastic model
where the return of the assets is a random variable r» with known mean

and covariance

S=E(r—p)(r—m".

The return of the investment is also a random variable y = r

and variance (or risk)

E(y — Ey)? = 272z

uw=Er

Ey=p"x

T

x with mean (or expected return)
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The problem facing the investor is to rebalance the portfolio to achieve a good compromise between risk
and expected return, e.g., maximize the expected return subject to a budget constraint and an upper
bound (denoted 7) on the tolerable risk. This leads to the optimization problem

maximize pul'x
subject to Te = 70
ubj Te T w2+e x, (10.1)
X < 47,
z > 0.

The variables = denotes the investment i.e. x; is the amount invested in asset j and a:? is the initial
holding of asset j. Finally, w is the initial amount of cash available.

A popular choice is 2° = 0 and w = 1 because then x; may be interpreted as the relative amount of the
total portfolio that is invested in asset j.

Since e is the vector of all ones then
n
T — .
e r = g x;
=1

is the total investment. Clearly, the total amount invested must be equal to the initial wealth, which is

w+elal.

This leads to the first constraint

e r=w+e x .

The second constraint

2I'Yr < 72

ensures that the variance, or the risk, is bounded by the parameter v2. Therefore, v specifies an upper
bound of the standard deviation the investor is willing to undertake. Finally, the constraint

{ITJZO

excludes the possibility of short-selling. This constraint can of course be excluded if short-selling is
allowed.

The covariance matrix ¥ is positive semidefinite by definition and therefore there exist a matrix G such
that
Y =GGT. (10.2)

In general the choice of G is not unique and one possible choice of G is the Cholesky factorization of 3.
However, in many cases another choice is better for efficiency reasons as discussed in Sec. 10.1.2. For a
given G we have that

2Tz = 2TGGTx
= |l67a|”.
Hence, we may write the risk constraint as
7z |G e
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or equivalently
[v;GTa] € Q"1

where Q"*1 is the (n + 1)-dimensional quadratic cone. Therefore, problem (10.1) can be written as

maximize ulz
subject to e = w+elad,
[,.)/. GTx] c Qn+1 (10'3>
z > 0,

which is a conic quadratic optimization problem that can easily be formulated and solved with Fusion.
Subsequently we will use the example data

0.1073
= | 0.0737
0.0627

and

0.2778 0.0387  0.0021
»=0.1-| 0.0387 0.1112 —0.0020
0.0021 —0.0020 0.0115

This implies

0.5271 0.0734  0.0040
GT =v0.1 0 0.3253  —0.0070
0 0 0.1069

Example code

Listing 10.1 demonstrates how the basic Markowitz model (10.3) is implemented using Fusion.

Listing 10.1: Code implementing problem (10.3).

def BasicMarkowitz(n,mu,GT,x0,w,gamma) :
with Model("Basic Markowitz") as M:
# Redirect log output from the solver to stdout for debugging.
# 1f uncommented.

# M.setLogHandler(sys.stdout)

# Defines the wvartables (holdings). Shortselling is not allowed.
x = M.variable("x", n, Domain.greaterThan(0.0))

# Mazimize expected return
M.objective('obj', ObjectiveSense.Maximize, Expr.dot(mu,x))

# The amount invested must be identical to initial wealth
M.constraint ('budget', Expr.sum(x), Domain.equalsTo(w+sum(x0)))

# Imposes a bound on the risk
M.constraint('risk', Expr.vstack( gamma,Expr.mul(GT,x)), Domain.inQCone())

# Solves the model.
M.solve()

return dot(mu,x.level())

The source code should be self-explanatory except perhaps for
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M.constraint('risk', Expr.vstack( gamma,Expr.mul(GT,x)), Domain.inQCone())

where the linear expression
[v: G

is created using the Ezpr.vstack operator. Finally, the linear expression must lie in a quadratic cone
implying

72 6T

10.1.2 The Efficient Frontier

The portfolio computed by the Markowitz model is efficient in the sense that there is no other portfolio
giving a strictly higher return for the same amount of risk. An efficient portfolio is also sometimes called
a Pareto optimal portfolio. Clearly, an investor should only invest in efficient portfolios and therefore it
may be relevant to present the investor with all efficient portfolios so the investor can choose the portfolio
that has the desired tradeoff between return and risk.

Given a nonnegative « the problem

T

maximize p*zr—as
subject to eTe = w+elal,
[S. GTx} c Qn+1 (10'4)
x > 0.

computes an efficient portfolio. Note that the objective is to maximize the expected return while mini-
mizing the standard deviation. The parameter « specifies the tradeoff between expected return and risk.
Ideally the problem (10.4) should be solved for all values & > 0 but in practice it is impossible. Using
the example data from Sec. 10.1.1, the optimal values of return and risk for several as are listed below:

Efficient frontier

alpha return risk

0.0000 1.0730e-01 7.2700e-01
0.0100 1.0730e-01 1.6667e-01
0.1000 1.0730e-01 1.6667e-01
0.2500 1.0321e-01 1.4974e-01
0.3000 8.0529e-02 6.8144e-02
0.3500 7.4290e-02 4.8585e-02
0.4000 7.1958e-02 4.2309e-02
0.4500 7.0638e-02 3.9185e-02
0.5000 6.9759e-02 3.7327e-02
0.7500 6.7672e-02 3.3816e-02
1.0000 6.6805e-02 3.2802e-02
1.5000 6.6001e-02 3.2130e-02
2.0000 6.5619e-02 3.1907e-02
3.0000 6.5236e-02 3.1747e-02
10.0000 6.4712e-02 3.1633e-02

Example code

Listing 10.2 demonstrates how to compute the efficient portfolios for several values of v in Fusion.

Listing 10.2: Code for the computation of the efficient frontier based on problem (10.4).

def EfficientFrontier(n,mu,GT,x0,w,alphas):

with Model("Efficient frontier") as M:
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# M.setLogHandler(sys.stdout)

# Defines the variables (holdings). Shortselling is not allowed.

x = M.variable("x", n, Domain.greaterThan(0.0)) # Portfolio variables
s = M.variable("s", 1, Domain.unbounded()) # Risk wvariable

M.constraint ('budget', Expr.sum(x), Domain.equalsTo(w+sum(x0)))

# Computes the risk
M.constraint('risk', Expr.vstack(s,Expr.mul(GT,x)),Domain.inQCone())

frontier = []
mudotx = Expr.dot (mu,x)
for i,alpha in enumerate(alphas):

# Define objective as a weighted combination of return and risk
M.objective('obj', ObjectiveSense.Maximize, Expr.sub(mudotx,Expr.mul(alpha,s)))

M.solve()
frontier.append((alpha,dot (mu,x.level()),s.level() [0]))

return frontier

Note the efficient frontier could also have been computed using the code in Sec. 10.1.1 by varying ~.
However, when the constraints of a Fusion model are changed the model has to be rebuilt whereas a
rebuild is not needed if only the objective is modified.

10.1.3 Improving the Computational Efficiency
In practice it is often important to solve the portfolio problem very quickly. Therefore, in this section
we discuss how to improve computational efficiency at the modelling stage.

The computational cost is of course to some extent dependent on the number of constraints and variables
in the optimization problem. However, in practice a more important factor is the sparsity: the number
of nonzeros used to represent the problem. Indeed it is often better to focus on the number of nonzeros
in G see (10.2) and try to reduce that number by for instance changing the choice of G.

In other words if the computational efficiency should be improved then it is always good idea to start
with focusing at the covariance matrix. As an example assume that

Y=D+VVT

where D is a positive definite diagonal matrix. Moreover, V is a matrix with n rows and p columns.
Such a model for the covariance matrix is called a factor model and usually p is much smaller than n.
In practice p tends to be a small number independent of n, say less than 100.

One possible choice for G is the Cholesky factorization of ¥ which requires storage proportional to
n(n + 1)/2. However, another choice is
1/2
%]
because then
GG =D+ VVT,

This choice requires storage proportional to n 4+ pn which is much less than for the Cholesky choice of
G. Indeed assuming p is a constant storage requirements are reduced by a factor of n.
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The example above exploits the so-called factor structure and demonstrates that an alternative choice
of G may lead to a significant reduction in the amount of storage used to represent the problem. This
will in most cases also lead to a significant reduction in the solution time.

The lesson to be learned is that it is important to investigate how the covariance matrix is formed.
Given this knowledge it might be possible to make a special choice for G that helps reducing the storage
requirements and enhance the computational efficiency. More details about this process can be found in
[And13].

10.1.4 Slippage Cost

The basic Markowitz model assumes that there are no costs associated with trading the assets and that
the returns of the assets are independent of the amount traded. Neither of those assumptions is usually
valid in practice. Therefore, a more realistic model is

maximize ula
subject to  eTx + > i Ty — 19) = w+ela? 10.5
.’I/'TE.T/' S ,)/27 ( . )
r = 0,

where the function

Tj(x; — a5)

specifies the transaction costs when the holding of asset j is changed from its initial value.

10.1.5 Market Impact Costs

If the initial wealth is fairly small and no short selling is allowed, then the holdings will be small and the
traded amount of each asset must also be small. Therefore, it is reasonable to assume that the prices
of the assets are independent of the amount traded. However, if a large volume of an asset is sold or
purchased, the price, and hence return, can be expected to change. This effect is called market impact
costs. It is common to assume that the market impact cost for asset j can be modelled by

T =mj/|z; — 2|

where m; is a constant that is estimated in some way by the trader. See /[GK00] [p. 452] for details.

Hence, we have
Tj(xj — 29) = mjla; — 29|\ /|2 — 29 = my|z; — 23/2.
From /[MOSEKApS12] it is known that
{(t,2) :t>2%2, 2> 0} = {(t,2) : (v,t,2),(2,1/8,v) € Q}
where Q3 is the 3-dimensional rotated quadratic cone. Hence, it follows

zj = |xj 7$2|a
(’Uj,tj,ij),(zj',l/&vg) S Q%;L
Zj:l Tj(l"j _xj) = Zj:l tj.

Unfortunately this set of constraints is nonconvex due to the constraint
= |z; — 2 (10.6)
zj = |z; — z; .
but in many cases the constraint may be replaced by the relaxed constraint

zj > |z — x|, (10.7)
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which is equivalent to

% 2 @5 =, 10.8
zj > —(x; — x9). (10.8)

For instance if the universe of assets contains a risk free asset then
zj > |z — x?| (10.9)

cannot hold for an optimal solution.

If the optimal solution has the property (10.9) then the market impact cost within the model is larger
than the true market impact cost and hence money are essentially considered garbage and removed by
generating transaction costs. This may happen if a portfolio with very small risk is requested because
the only way to obtain a small risk is to get rid of some of the assets by generating transaction costs.
We generally assume that this is not the case and hence the models (10.6) and (10.7) are equivalent.

The above observations lead to

maximize ula
subject to ele+mTt = w+elal,
[:GTa] € Q™
zj >z fxg-), j=1,...,n, (10.10)
Zj > x? — Ty, J=14 1,
[vj;tj;zj]7[zj;1/8;vj] € in J 1, ) 1,
x > 0.

The revised budget constraint
ele+mTt=w+ela

specifies that the initial wealth covers the investment and the transaction costs. Moreover, v and z are
3/2

auxiliary variables that model the market impact cost so that z; > |z; — 29| and t; > 2]
It should be mentioned that transaction costs of the form

cj > zf /e
where p and ¢ are both integers and p > ¢ can be modelled using quadratic cones. See [MOSEKApS12]

for details.

Example code

Listing 10.3 demonstrates how to compute an optimal portfolio when market impact cost are included
using Fusion.

Listing 10.3: Implementation of model (10.10).

def MarkowitzWithMarketImpact(n,mu,GT,x0,w,gamma,m) :
mnn
Description:
Extends the basic Markowitz model with a market cost term.

Input:

n: Number of assets

mu: An n dimensional vector of expected returns

GT: 4 matriz with n columns so (GT')*GT = covariance matriz

z0: Initial holdings

w: Initial cash holding

gamma: Mazimum risk (=std. dev) accepted

m: It is assumed that market impact cost for the j'th asset 1s
m_jlz_j-z0_75/°3/2
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Output:
Optimal expected return and the optimal portfolzo

mwmnn

with Model("Markowitz portfolio with market impact") as M:

#M.setLogHandler (sys.stdout)

# Defines the wvartables. No shortselling <s allowed.
x = M.variable("x", n, Domain.greaterThan(0.0))

# Additional "helper" vartiables

t = M.variable("t", n, Domain.unbounded())

z = M.variable("z", n, Domain.unbounded())

v = M.variable("v", n, Domain.unbounded())

# Mazimize expected return
M.objective('obj', ObjectiveSense.Maximize, Expr.dot(mu,x))

# Invested amount + slippage cost = initial wealth
M.constraint ('budget', Expr.add(Expr.sum(x),Expr.dot(m,t)), Domain.equalsTo(w+sum(x0)))

# Imposes a bound on the risk
M.constraint('risk', Expr.vstack(gamma,Expr.mul(GT,x)), Domain.inQCone())

# z >= |z-z0]
M.constraint('buy', Expr.sub(z,Expr.sub(x,x0)),Domain.greaterThan(0.0))
M.constraint('sell', Expr.sub(z,Expr.sub(x0,x)),Domain.greaterThan(0.0))

# t >= 271.5, z >= 0.0. Needs two rotated quadratic cones to model this term

M.constraint('ta', Expr.hstack(v,t,z),Domain.inRotatedQCone())

M.constraint('tb', Expr.hstack(z,Expr.constTerm(n,1.0/8.0),v),\
Domain.inRotatedQCone())

M.solve()

print ('Markowitz portfolio optimization with market impact cost')
Print (Mo m oo oo
cmem\a");
print ('Expected return: 7.4e Std. deviation: J.4e Market impact cost: 7.4e' % \
(dot (mu,x.level()) ,gamma,dot(m,t.level())))

return (dot(mu,x.level()), x.level())

The major new features compared to the previous examples are

M.constraint('ta', Expr.hstack(v,t,z),Domain.inRotatedQCone())

and

M.constraint('tb', Expr.hstack(z,Expr.constTerm(n,1.0/8.0),v),\
Domain.inRotatedQCone())

In the first line the variables v, ¢ and z are stacked horizontally which corresponds to creating a list of
linear expressions where the j‘th element has the form
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and finally each linear expression is constrained to a rotated quadratic cone i.e.
2u5t; > 2]2 and v;,t; > 0.
Similarly the second line is equivalent to the constraint
Zj
1/8 | € 9
Uj

or equivalently

1
Qng > vjz_ and z; > 0.

10.1.6 Transaction Costs

Now assume there is a cost associated with trading asset j given by

_[o Az; =0,
Tj(Azj) = { fj +gjlAz;|, otherwise.

Here Az; is the change in the holding of asset j i.e.
Az =x; — x?.

Hence, whenever asset j is traded we pay a fixed setup cost f; and a variable cost of g; per unit traded.
Given the assumptions about transaction costs in this section problem (10.5) may be formulated as

maximize ul'z
subject to  e"w + 377 (fiy; +952) = w+elal,
[v;GTz] € Qth
;> oz —a =1,...
e B A AN (10.11)
zj 2 T — Ty, j=1,...,n,
Zj S ijjv j:1,...,n7
y; € {0,1}, j=1,...,n,
x > 0.
First observe that
2 2 |zj — af| = |Azy].

Here Uj is some a priori chosen upper bound on the amount of trading in asset j and therefore if z; > 0
then y; = 1 has to be the case. This implies that the transaction costs for the asset j is given by

fivi +952;-

Example code

The following example code demonstrates how to compute an optimal portfolio when transaction costs
are included.
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Listing 10.4: Code solving problem (10.11).

def MarkowitzWithTransactionsCost(n,mu,GT,x0,w,gamma,f,g):
# Upper bound on the traded amount
w0 = w+sum(x0)
u = n*[wO0]

with Model("Markowitz portfolio with transaction costs") as M:
#M.setLogHandler (sys.stdout)

# Defines the variables. No shoriselling is allowed.
= M.variable("x", n, Domain.greaterThan(0.0))

e

# Additional "helper" wvariables

z = M.variable("z", n, Domain.unbounded())
# Binary variables

y = M.variable("y", n, Domain.binary())

# Mazimize expected return
M.objective('obj', ObjectiveSense.Maximize, Expr.dot(mu,x))

# Invest amount + transactions costs = initial wealth
M.constraint ('budget', Expr.add([ Expr.sum(x), Expr.dot(f,y),Expr.dot(g,z)] ), Domain.
—equalsTo(w0))

# Imposes a bound on the risk
M.constraint('risk', Expr.vstack( gamma,Expr.mul(GT,x)), Domain.inQCone())

# z >= |z-z0/

M.constraint('buy', Expr.sub(z,Expr.sub(x,x0)),Domain.greaterThan(0.0))
M.constraint('sell', Expr.sub(z,Expr.sub(x0,x)),Domain.greaterThan(0.0))
# Alternatively, formulate the two constraints as

#M.constraint ('trade’, Ezpr.hstack(z,Ezxpr.sudb(z,z0)), Domain.infdcone())

# Constraints for turning y off and on. z-diag(u)*y<=0 i.e. z_j <= u_j*y_j
M.constraint('y_on_off', Expr.sub(z,Expr.mulElm(u,y)), Domain.lessThan(0.0))

# Integer optimization problems can be very hard to solwve so limiting the
# mazimum amount of time ts a valuable safe guard
M.setSolverParam('mioMaxTime', 180.0)

M.solve()

print ('Expected return: 7.4e Std. deviation: J,.4e Transactions cost: %.4e' 7 \
(dot (mu,x.1level()),gamma,dot (f,y.level())+dot(g,z.level())))

return (dot(mu,x.level()), x.level())

10.2 Primal Support-Vector Machine (SVM)

Machine-Learning (ML) has become a common widespread tool in many applications that affect our
everyday life. In many cases, at the very core of these techniques there is an optimization problem. This
case study focuses on the Support-Vector Machines (SVM).

The basic SVM model can be stated as:
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We are given a set of m points in R", partitioned into two groups. Find, if any, the separating
hyperplane of the two subsets with the largest margin, i.e. as far as possible from the points.

Mathematical Model

Let 21, ..., 2, € R™ be the given training set and let y; € {—1,+1} be the labels indicating the group
membership of the i-th training example. Then we want to determine an affine hyperplane w” z = b that
separates the group in the strong sense that

yi(wx; —b) > 1 (10.12)

for all i, the property referred to as large margin classification: the strip {z € R* : —1 < wlz —b < 1}
does not contain any training example. The width of this strip is 2|jw||~!, and maximizing that quantity
is equivalent to minimizing ||wl||. We get that the large margin classification is the solution of the following
optimization problem:

minimizey , 5 |w|?
subject to  yi(wTa; —b)>1 i=1,...,m.

If a solution exists, w, b define the separating hyperplane and the sign of w”xz — b can be used to decide
the class in which a point z falls.

To allow more flexibility the soft-margin SVM classifier is often used instead. It admits a violation of
the large margin requirement (10.12) by a non-negative slack variable which is then penalized in the
objective function.

minimizey, ,, %HwH2 +CY &
subject to yi(wle, —b)>1-& i=1,...,m,
§,20 i:l,...,m.

In matrix form we have
minimizey ¢ 5|wl* + CeT¢
subject to y* (Xw—be)+ & > e,
§>0.

where * denotes the component-wise product, and e a vector with all components equal to one. The
constant C' > 0 acts both as scaling factor and as weight. Varying C yields different trade-offs between
accuracy and robustness.

Implementing the matrix formulation of the soft-margin SVM in Fusion is very easy. We only need to
cast the problem in conic form, which in this case involves converting the quadratic term of the objective
function into a conic constraint:

minimizey ¢ t+ Cel¢

subject to +yx (Xw—be) > e,
] ARt (10.13)
£>0.

where Q’T“r2 denotes a rotated cone of dimension n + 2.

Fusion implementation

We now demonstrate how implement model (10.13). Let us assume that the training examples are stored
in the rows of a matrix X, the labels in a vector y and that we have a set of weights C for which we want
to train the model. The implementation in Fusion of our conic model starts declaring the model class:

with Model() as M:

Then we proceed defining the variables :
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w = M.variable('w' , n, Domain.unbounded())
t = M.variable('t' , 1, Domain.unbounded())
b = M.variable('b' , 1, Domain.unbounded())
xi = M.variable('xi', m, Domain.greaterThan(0.))

The conic constraint is obtained by stacking the three values:

M.constraint ( Expr.vstack(l., t, w), Domain.inRotatedQCone() )

Note how the dimension of the cone is deduced from the arguments. The relaxed classification constraints
can be expressed using the built-in expressions available in Fusion. In particular:

1. element-wise multiplication % is performed with the Ezpr.mulElm function;
2. a vector whose entries are repetitions of b is produced by Var.repeat.

The results is

M.constraint(
Expr.add(
Expr .mulElm( y,
Expr.sub( Expr.mul(X,w), Var.repeat(b,m) )
),
xi
),

Domain.greaterThan( 1. ) )

Finally, the objective function is defined as

M.objective( ObjectiveSense.Minimize, Expr.add( t, Expr.mul(C, Expr.sum(xi) ) ) )

To solve a sequence of problems with varying C we can simply iterate along those values changing the
objective function:

for C in CC:
M.objective( ObjectiveSense.Minimize, Expr.add( t, Expr.mul(C, Expr.sum(xi) ) ) )
M.solve()

Source code

Listing 10.5: The code implementing model (10.13)

def primal_svm(m,n,X,y,CC):

print ("Number of data : %d"%m)
print ("Number of features: %d"/mn)

with Model() as M:

w = M.variable('w' , n, Domain.unbounded())
t = M.variable('t' , 1, Domain.unbounded())
b = M.variable('b' , 1, Domain.unbounded())
xi = M.variable('xi', m, Domain.greaterThan(0.))

M. constraint(
Expr.add(
Expr.mulElm( y,
Expr.sub( Expr.mul(X,w), Var.repeat(b,m) )
),

xi
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Domain.greaterThan( 1. ) )
M.constraint ( Expr.vstack(l., t, w), Domain.inRotatedQCone() )

M.acceptedSolutionStatus (AccSolutionStatus.NearOptimal)

print (' ¢ | b | w ')
for C in CC:
M.objective( ObjectiveSense.Minimize, Expr.add( t, Expr.mul(C, Expr.sum(xi) ) ) )
M.solve()
try:
cb = '{0:6} | {1:8f} | '.format(C,b.level() [0])
wstar =' '.join([ '{0:8f}'.format(wi) for wi in w.level()])
print (cbtwstar)
except:
pass;
Example

We generate a random dataset consisting of two groups of points, each from a Gaussian distribution in
R? with centres (1.0,1.0) and (—1.0, —1.0), respectively.

CC=[ 500.0*i for i in range(10)]

m = 50
n =3
seed= 0

random. seed (seed)
nump= random.randint(0,50)
numm= m - nump

y=1[ 1. for i in range(nump)] + \
[ -1. for i in range(numm)]

X= [ [ random.gauss( mean,var) for f in range(n) ] for i in range(nump)] + \
[ [ random.gauss(-mean,var) for f in range(n) ] for i in range(numm)]

With standard deviation o = 1/2 we obtain a separable instance of the problem with a solution shown
in Fig. 10.1.

For 0 = 1 the two groups are not linearly separable and the we obtain the optimal hyperplane as in Fig.
10.2.

10.3 2D Total Variation
This case study is based mainly on the paper by Goldfarb and Yin /GY05/.

Mathematical Formulation

We are given a n x m grid and for each cell (4, j) an observed value f;; that can expressed as

fij = uij + vij,
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Fig. 10.1: Separating hyperplane for two clusters of points.
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Fig. 10.2: Soft separating hyperplane for two groups of points.
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where u;; € [0, 1] is the actual signal value and v;; is the noise. The aim is to reconstruct u subtracting
the noise from the observations.

We assume the 2-norm of the overall noise to be bounded: the corresponding constraint is
lu—fll2 <o

which translates into a simple conic quadratic constraint as
(o,u—f)e€ Q.

We aim to minimize the change in signal value when moving between adjacent cells. To this end we
define the adjacent differences vector as

o s
o} = ( 4 ) — ( Wit1,j = Wi ) , (10.14)
i Ui g1 — Uiy
for each cell 1 <4,j <n (we assume that the respective coordinates 9;; and 8;2 are zero on the right

and bottom boundary of the grid).

For each cell we want to minimize the norm of 8;;,
such that

and therefore we introduce auxiliary variables ¢;;
ti; > H5;§||2 or (tij,%) €9,

and minimize the sum of all ¢;;.

The complete model takes the form:

min Zlgi,jgntijv

+_ T .
st 0 = (Wit1,j — Ui, Uijy1 — Uiy) , V1<, j<mn,

10.15
(15,05 € O, Vi<ij<n, (10.15)
(U7u - f) € Qnm-&-l,

u; ; € [0,1]. V1<i,j<n.

Implementation

The Fusion implementation of model (10.15) uses variable and expression slices.

First of all we start by creating the optimization model and variables t and u:

with Model('TV') as M:

u= M.variable( [n+1,m+1], Domain.inRange(0.,1.0) )
t= M.variable( [n,m], Domain.unbounded() )

Note the dimensions of u is larger than those of the grid to accommodate the boundary conditions later.
The actual cells of the grid are defined as a slice of u:

ucore= u.slice( [0,0], [n,m] )

The next step is to define the partial variation along each axis, as in (10.14):

deltax= Expr.sub( u.slice( [1,0], [n+1,m] ), ucore)
deltay= Expr.sub( u.slice( [0,1], [n,m+1] ), ucore)

Slices are created on the fly as they will not be reused. Now we can set the conic constraints on the
norm of the total variations. To this extent we stack the variables t, deltax and deltay together and
demand that each row of the new matrix is in a quadratic cone.

62 Chapter 10. Case Studies




MOSEK Fusion API for Python, Release 8.1.0.52

M.constraint ( Expr.stack(2, t, deltax, deltay), Domain.inQCone().axis(2) )

We now need to bound the norm of the noise. This can be achieved with a conic constraint using f as a
one-dimensional array:

fmat = Matrix.dense(n,m,f)
M.constraint( Expr.vstack(sigma, Expr.flatten( Expr.sub( fmat, ucore ) ) ),
Domain.inQCone() )

The objective function is the sum of all ¢;;:

M.objective( ObjectiveSense.Minimize, Expr.sum(t) )

Example
Consider the linear signal u;; = nli'ﬁn and its modification with random Gaussian noise, as in Fig. 10.3.

Various reconstructions of u, obtained with different values of o, are shown in Fig. 10.4 (where ¢ = o/nm
is the relative noise bound per cell).

Fig. 10.3: A linear signal and its modification with random Gaussian noise.

200

Fig. 10.4: Three reconstructions of the linear signal obtained for € {0.0004, 0.0005, 0.0006}, respec-
tively.

Source code
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Listing 10.6: The Fusion implementation of model (10.15).

def total_var(n,m,f,sigma):
with Model('TV') as M:

u= M.variable( [n+1,m+1], Domain.inRange(0.,1.0) )
t= M.variable( [n,m], Domain.unbounded() )

ucore= u.slice( [0,0], [n,m] )

deltax= Expr.sub( u.slice( [1,0], [n+1,m] ), ucore)
deltay= Expr.sub( u.slice( [0,1], [n,m+1] ), ucore)

M.constraint ( Expr.stack(2, t, deltax, deltay), Domain.inQCone().axis(2) )

fmat = Matrix.dense(n,m,f)

M.constraint ( Expr.vstack(sigma, Expr.flatten( Expr.sub( fmat, ucore ) ) ),
Domain.inQCone() )

M.objective( ObjectiveSense.Minimize, Expr.sum(t) )

M.setLogHandler (sys.stdout)

M.solve()

return ucore.level()

10.4 Inner and outer Lowner-John Ellipsoids

In this section we show how to compute the Léwner-John inner and outer ellipsoidal approximations of
a polytope. They are defined as, respectively, the largest volume ellipsoid contained inside the polytope
and the smallest volume ellipsoid containing the polytope, as seen in Fig. 10.5.

Fig. 10.5: The inner and outer Lowner-John ellipse of a polygon.

For further mathematical details, such as uniqueness of the two ellipsoids, consult /BenTalN01]. Our
solution is a mix of conic quadratic and semidefinite programming. Among other things, in Sec. 10.4.3
we show how to implement bounds involving the determinant of a PSD matrix.
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10.4.1 Inner Léwner-John Ellipsoids

Suppose we have a polytope given by an h-representation
P={zxeR"| Az <b}

and we wish to find the inscribed ellipsoid with maximal volume. It will be convenient to parametrize
the ellipsoid as an affine transformation of the standard disk:

E={zx|z=Cu+d, ueR", |ul2<1}.

Every non-degenerate ellipsoid has a parametrization such that C is a positive definite symmetric n X n
matrix. Now the volume of £ is proportional to det(C)!/”. The condition & C P is equivalent to the
inequality A(Cu+d) < b for all u with |ju|z < 1. After a short computation we obtain the formulation:

maximize ¢

subject to t < det(C)Y/",
(b— Ady; > [(AC)ls, i=1,...,m,
C -0,

(10.16)

where X; denotes the i-th row of the matrix X. This can easily be implemented using Fusion, where the
sequence of conic inequalities can be realized at once by feeding in the matrices b — Ad and AC.

Listing 10.7: Fusion implementation of model (10.16).

def lownerjohn_inner(A, b):
with Model("lownerjohn_inner") as M:
M.setLogHandler (sys.stdout)
m, n = len(A), len(A[0])

Setup variables

= M.variable("t", 1, Domain.greaterThan(0.0))
M.variable("C", Domain.inPSDCone(n))
M.variable("d", n, Domain.unbounded())

Q Q o W
]

# (b-4d, AC) generate cones

M.constraint("qc", Expr.hstack(Expr.sub(b, Expr.mul(A, d)), Expr.mul(A, C)),
Domain.inQCone())

# t <= det(C) {1/n}

det_rootn(M, C, t)

# Objective: Mazimize t
M.objective(ObjectiveSense.Maximize, t)

M.solve()

C, d = C.level(), d.level()
return ([C[i:i + n] for i in range(0, n * n, n)], d)

The only black box is the method det_rootn which implements the constraint ¢ < det(C)/™. Tt will be
described in Sec. 10.4.3.

10.4.2 Quter Léwner-John Ellipsoids

To compute the outer ellipsoidal approximation to a polytope, let us now start with a v-representation
P = conv{xy,za,...,Tm} C R",

of the polytope as a convex hull of a set of points. We are looking for an ellipsoid given by a quadratic
inequality

£={zreR"||Pz—cl; <1},
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whose volume is proportional to det(P)~!/", so we are after maximizing det(P)/". Again, there is

always such a representation with a symmetric, positive definite matrix P. The inclusion conditions
x; € &€ translate into a straightforward problem formulation:

maximize ¢

subject to t < det(P)'/",
|Pz; —clla <1, i=1,...,m,
P >0,

(10.17)

and then directly into Fusion code:

Listing 10.8: Fusion implementation of model (10.17).

def lownerjohn_outer(x):
with Model("lownerjohn_outer") as M:
M.setLogHandler (sys.stdout)
m, n = len(x), len(x[0])

Setup variables

= M.variable("t", 1, Domain.greaterThan(0.0))
M.variable("P", Domain.inPSDCone(n))
M.variable("c", n, Domain.unbounded())

O U ct 3

# (1, Pz-c) in cone
M.constraint("qc",
Expr.hstack (Expr.ones(m),
Expr.sub(Expr.mul(x, P),
Var.reshape(Var.repeat(c, m), [m, n])
)
),

Domain.inQCone())

# t <= det(P){1/n}
det_rootn(M, P, t)

# Objective: Mazimize t
M.objective(ObjectiveSense.Maximize, t)
M.solve()

P, ¢ = P.level(), c.level()
return ([P[i:i + n] for i in range(0, n * n, n)], c)

10.4.3 Bound on the Determinant Root

It remains to show how to express the bounds on det(X )1/ ™ for a symmetric positive definite n x n

matrix X using PSD and conic quadratic variables. We want to model the set
C={(X,t) € ST xR |t < det(X)"/"}. (10.18)

A standard approach when working with the determinant of a PSD matrix is to consider a semidefinite
cone

( 7 Diag(Z) ) =0 (10.19)

where Z is a matrix of additional variables and where we intuitively identify Diag(Z) = {A1,...,An}
with the eigenvalues of X. With this in mind, we are left with expressing the constraint

E< (A A (10.20)

This is easy to implement recursively using rotated quadratic cones when n is a power of 2; otherwise
we need to round n up to the nearest power of 2 as in Listing 10.10. For example, ¢t < ()\1)\2/\3)\4)1/4 is
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equivalent to
MAz2 > 47, Asha >3, yye > ¢

while < (A1 A2A3)'/3 can be achieved by writing ¢ < (tA;AaA3)'/%.
For further details and proofs see [BenTalN0O1] or [MOSEKApS12].

Listing 10.9: Approaching the determinant, see (10.19).

def det_rootn(M, X, t):
n = int(sqrt(X.size()))

# Setup variables
Y = M.variable(Domain.inPSDCone(2 * n))

# Setup Y = [X, Z; Z°T , diag(Z)]
Y11 = Y.slice([0, 0], [n, nl)

Y21 = Y.slice([n, 0], [2 * n, n])
Y22 = Y.slice([n, n], [2 * n, 2 * n])

M.constraint (Expr.sub(Y21.diag(), Y22.diag()), Domain.equalsTo(0.0))
M.constraint (Expr.sub(X, Y11), Domain.equalsTo(0.0))

# t°n <= (Z11%Z22%...%Znn)
geometric_mean(M, Y22.diag(), t)

Listing 10.10: Bounding the geometric mean, see (10.20).

def geometric_mean(M, x, t):
def rec(x):

n = x.getShape() .dim(0)

if n > 1:
y = M.variable(int(n // 2), Domain.unbounded())
M.constraint (Var.hstack(Var.reshape (

x, [m // 2, 2]1), y), Domain.inRotatedQCone())

return rec(y)

else:
return x

n = x.getShape().dim(0)
int(ceil(log(n, 2)))
m = int(2%*1) - n

—
I

# if size of © i1s not a power of 2 we pad %it:
if m > 0:
x_padding = M.variable(m, Domain.unbounded())

# set the last m elements equal to t
M.constraint (Expr.sub(x_padding, Var.repeat(t, m)),
Domain.equalsTo(0.0))

x = Var.vstack(x, x_padding)

M.constraint (Expr.sub(Expr.mul(2.0%x(1 / 2.0), t), rec(x)),
Domain.equalsTo(0.0))

10.5 Nearest Correlation Matrix Problem

A correlation matriz is a symmetric positive definite matrix with unit diagonal. This term has origins in
statistics, since the matrix whose entries are the correlation coefficients of a sequence of random variables

10.5. Nearest Correlation Matrix Problem 67




MOSEK Fusion API for Python, Release 8.1.0.52

has all these properties.

In this section we study variants of the problem of approximating a given symmetric matrix A with
correlation matrices:

e find the correlation matrix X nearest to A in the Frobenius norm,

e find an approximation of the form D + X where D is a diagonal matrix with positive diagonal and
X is a positive semidefinite matrix of low rank, using the combination of Frobenius and nuclear
norm.

Both problems are related to portfolio optimization, where one can often have a matrix A that only
approximates the correlations of stocks. For subsequent optimizations one would like to approximate A
with a correlation matrix or, in the factor model, with D + VV7 with VV7T of small rank.

10.5.1 Nearest correlation with the Frobenius norm

The Frobenius norm of a real matrix M is defined as

1/2

IMlp =D M
i

and with respect to this norm our optimization problem can be expressed simply as:

minimize |4 — X||F
subject to diag(X) = e, (10.21)
X = 0.

We can exploit the symmetry of A and X to get a compact vector representation. To this end we make
use of the following mapping from a symmetric matrix to a flattened vector containing the (scaled) lower
triangular part of the matrix:

vec : R*7 —y R7(n+1)/2
vec(M) = (a1 M1, ao1 Moy, agaMag, . ..y i M, - -« s G M)
. (10.22)
1 j=1
i =
Y V2 oj<i
Note that || M| = ||vec(M)||2. The Fusion implementation of vec is as follows:
Listing 10.11: Implementation of function vec in (10.22).
def vec(e):
N = e.getShape().dim(0)
msubi = range(N * (N + 1) // 2)
msubj = [1 * N + j for i in range(N) for j in range(i + 1)]
mcof = [2.0%x0.5 if i !=
j else 1.0 for i in range(N) for j in range(i + 1)]
S = Matrix.sparse(N * (N + 1) // 2, N * N, msubi, msubj, mcof)
return Expr.mul(S, Expr.flatten(e))
That leads to an optimization problem with both conic quadratic and semidefinite constraints:
minimize ¢
j A-X
subject to (t., vee( )) € Q, (10.23)
diag(X) =,
X >0.
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Code example

Listing 10.12: Implementation of problem (10.23).

def nearestcorr(A):
N = A.numRows()

# Create a model
with Model("NearestCorrelation") as M:
# Setting up the variables
X = M.variable("X", Domain.inPSDCone(N))
t = M.variable("t", 1, Domain.unbounded())

# (t, vec (4-X)) \in @
v = vec(Expr.sub(4, X))
M.constraint("C1", Expr.vstack(t, v), Domain.inQCone())

# diag(X) = e
M.constraint ("C2", X.diag(), Domain.equalsTo(1.0))

# Objective: Minimize t
M.objective(ObjectiveSense.Minimize, t)

M.solve()

return X.level(), t.level()

We use the following input

Listing 10.13: Input for the nearest correlation problem.

N =25

A = Matrix.demse(N, N, [0.0, 0.5, -0.1, -0.2, 0.5,
0.5, 1.25, -0.05, -0.1, 0.25,
-0.1, -0.05, 0.51, 0.02, -0.05,
-0.2, -0.1, 0.02, 0.54, -0.1,
0.5, 0.25, -0.05, -0.1, 1.25])

The expected output is the following (small differences may apply):

X =
[ 1. 0.50001941 -0.09999994 -0.20000084 0.50001941]
[ 0.50001941 1. -0.04999551 -0.09999154 0.24999101]
[-0.09999994 -0.04999551 1. 0.01999746 -0.04999551]
[-0.20000084 -0.09999154 0.01999746 1. -0.09999154]
[ 0.50001941 0.24999101 -0.04999551 -0.09999154 1. 1]

10.5.2 Nearest Correlation with Nuclear-norm Penalty

Next, we consider the approximation of A of the form D 4+ X where D = diag(w), w > 0 and X = 0.
We will also aim at minimizing the rank of X. This can be approximated by a relaxed linear objective
penalizing the trace Tr(X) (which in this case is the nuclear norm of X and happens to be the sum of
its eigenvalues).

The combination of these constraints leads to a problem:

minimize || X + diag(w) — Al + 7Tr(X),
subject to X > 0,w >0,

where the parameter v controls the tradeoff between the quality of approximation and the rank of X.
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Exploit the mapping vec defined in (10.22) we can express this problem as:

Code example

minimize 4+ yTr(X)
subject to (¢, vec(X + diag(w) — A)) € Q,
X =0,w>0.

(10.24)

Listing 10.14: Implementation of problem (10.24).

def nearestcorr_nucnorm(A, gammas):
N = A.numRows()
with Model("NucNorm") as M:

= M.variable("t", 1, Domain
M.variable("X", N, Domain
= M.variable("w", N, Domain

= Expr.mulElm(Matrix.eye(N), Var.repeat(w, 1, N))
(t, vec (X +D - 4)) in @

# Setup wvariables
t

X =

w

# D = diag(w)

D

#

M

result

.constraint (Expr.vstack(t, vec(Expr.sub(Expr.add(X, D), A))),

Domain.inQCone())

(]

for g in gammas:

# Objective: Minimize t + gamma*Tr(X)
M.objective(ObjectiveSense.Minimize, Expr.add(
t, Expr.mul(g, Expr.sum(X.diag()))))

M.solve()

# Find eigenvalues of X and compute its rank
d =
LinAlg.syeig(mosek.uplo.lo, N, X.level(), d)

[0.0]

* int (N)

result.append(
(g, t.level(), sum([d[i] > 1e-6 for i in range(N)]), X.level()))

return result

.unbounded ())
.inPSDCone())
.greaterThan(0.0))

We feed MOSEK with the same input as in Sec. 10.5.1. The problem is solved for a range of values
values, to demonstrate how the penalty term helps achieve a low rank solution. To this extent we report

both the rank of X and the residual norm || X + diag(w) — A|| 5.

--- Nearest Correlation with Nuclear Norm---
res=3.
res=4.
res=5.
res=5.
.592686e-01, rank=1
res=6.
res=6.
res=8.

gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=0.
gamma=1.

000000,
100000,
200000,
300000,
400000,
500000,
600000,
700000,
800000,
900000,
000000,

res=5

res=1
res=1

res=1.

076163e-01, rank=4
251692e-01, rank=2
112082e-01, rank=1
298432e-01, rank=1

045702e-01, rank=1
764402e-01, rank=1
009913e-01, rank=1

.062385e+00, rank=1
.129513e+00, rank=0

129513e+00, rank=0
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10.6 Semidefinite Relaxation of MIQCQO Problems

In this case study we will discuss a fairly common application for Semidefinite Optimization: to define
a continuous semidefinite relaxation of a mixed-integer quadratic optimization problem. This section is
based on the method by Park and Boyd [PB15].

We will focus on problems of the form:

minimize 27 Pz + 2¢"x

subject to x € Z" (10.25)

where ¢ € R™ and P € ST*" is positive semidefinite. There are many important problems that can be
reformulated as (10.25), for example:

e integer least squares: minimize || Az — b||3 subject to z € Z",
o closest vector problem: minimize ||v — z||2 subject to z € {Bz | © € Z"}.
Following /PB15/, we can derive a relaxed continuous model. We first relax the integrality constraint
minimize 27 Pz + 2¢7x
subject to z;i(z; —1)>0 i=1,...,n.

The last constraint is still non-convex. We introduce a new variable X € R"*", such that X = z - z”.

This allows us to write an equivalent formulation:

minimize Tr(PX) + 2¢7x
subject to diag(X) > z,
X =x-2T.

To get a conic problem we relax the last constraint and apply the Schur complement. The final relaxation

follows:

minimize Tr(PX) +2¢"x
subject to dia g(X) >,

{ X ]GS"'H (10.26)

Fusion Implementation

Implementing model (10.26) in Fusion is very simple. We assume the input n, P and q. Then we proceed
creating the optimization model

M = Model()

The important step is to define a single PSD variable

_ X n+1
Z'_»[ 1 ] eSi.

Our code will create Z and two slices that correspond to X and x:

Z = M.variable("Z", n+1, Domain.inPSDCone())
X= Z.slice([0,0], [n,n])
x= Z.slice([0,n], [n,n+1])

Then we define the constraints:

M.constraint ( Expr.sub(X.diag(), x), Domain.greaterThan(0.) )
M.constraint( Z.index(n,n), Domain.equalsTo(1.) )

The objective function uses several available linear expressions:
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M.objective( ObjectiveSense.Minimize, Expr.add(
Expr.sum( Expr .mulElm( P, X ) ),
Expr.mul( 2.0, Expr.dot(x, q) )

) )

Note that the trace operator is not directly available in Fusion, but it can easily be defined from scratch.

Complete code

Listing 10.15: Fusion implementation of model (10.26).

def miqcqp_sdo_relaxation(n,P,q):
M = Model()

Z = M.variable("Z", n+1, Domain.inPSDCone())
X= Z.slice([0,0], [n,n])
x= Z.slice([0,n], [n,n+1])

M.constraint ( Expr.sub(X.diag(), x), Domain.greaterThan(0.) )
M.constraint( Z.index(n,n), Domain.equalsTo(1.) )

M.objective( ObjectiveSense.Minimize, Expr.add(
Expr.sum( Expr .mulElm( P, X ) ),
Expr.mul( 2.0, Expr.dot(x, q) )

) )

return M

Numerical Examples

We present now some simple numerical experiments for the integer least squares problem:

minimize  ||Az — b||3

subject to = € Z™. (10.27)

It corresponds to the problem (10.25) with P = AT A and ¢ = —ATb. Following /PB15] we will generate
the input data by taking all entries of A from the normal distribution A(0,1) and setting b = Ac where
¢ comes from the uniform distribution on [0, 1].

An integer rounding xRound of the solution to (10.26) is a feasible integer solution to (10.27). We can
compare it to the actual optimal integer solution xOpt, whenever the latter is available. Of course it is
very simple to formulate the integer least squares problem in Fusion:

def int_least_squares(n, A, b):
M = Model()

e
1]

M.variable("x", n, Domain.integral(Domain.unbounded()))
t = M.variable("t", 1, Domain.unbounded())

M.constraint ( Expr.vstack(t, Expr.sub(Expr.mul(A, x), b)), Domain.inQCone() )
M.objective( ObjectiveSense.Minimize, t )

return M

All that remains is to compare the values of the objective function || Az — bl|2 for the two solutions.

Listing 10.16: The comparison of two solutions.

# problem dimensions
n = 20
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m = 2%n

problem data

= numpy .reshape (numpy.random.normal(0., 1.0, n*m), (m,n))
= numpy.random.uniform(0., 1.0, n)

A.transpose() .dot (A)

= - P.dot(c)

A.dot(c)

o'Q Yo = ow
I

# solve the problems

M = miqcqp_sdo_relaxation(n, P, q)
Mint = int_least_squares(n, A, b)
M.solve()

Mint.solve()

# rounded and optimal solution
xRound = numpy.rint(M.getVariable("Z").slice([0,n], [n,n+1]).level())
x0pt = numpy.rint(Mint.getVariable("x").level())

print (M. getSolverDoubleInfo("optimizerTime"), Mint.getSolverDoubleInfo("optimizerTime"))
print (numpy.linalg.norm(A.dot (xRound)-b), numpy.linalg.norm(A.dot (x0pt)-b))

Experimentally the objective value for xRound approximates the optimal solution with a factor of 1.1-1.4.
We refer to [PB15] for a more involved iterative rounding procedure, producing integer solutions of even
better quality, and for a detailed discussion of test results.

10.7 SUDOKU

SUDOKU is a famous simple yet mind-blowing game. The objective is to fill a 9x9 grid with digits
so that each column, each row, and each of the nine 3x3 sub-grids that compose the grid (also called
bozes, blocks, regions, or sub-squares) contains all of the digits from 1 to 9. For more information see
http://en.wikipedia.org/wiki/Sudoku. Here is a simple example:

4 4
8 3 8 3
1 2|8 9 1 8 9
311 8|4 7131 8|4
411 91217 411 91217
4 6|5 8 4 6|5 8
4 1|6 4 1|6
9 9
A simple unsolved Sudoku The solution

In a more general setting we are given a grid of dimension n x n, with n = m?,m € N. Each cell (i, )
must be filled with an integer y;; € [1,n]. Along each row and each column there must be no repetitions.
No repetitions are allowed also in each sub-grid with corners {(mt,ml), (m(t+1) —1,m( +1) — 1)},
for t,l =0,...,m — 1 (we index cells from (0,0)).

In general, each SUDOKU instance comes with a set F' of predetermined values which:

e reduce the complexity of the game by removing symmetries and guiding the initial moves of the
player;
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e ensure that there will be a unique solution.
We represent the set F' as list of triplets (7, j,v), meaning that the cell (4,5) contains the value v.

Note that SUDOKU is a feasibility problem. A typical Integer Programming formulation is straight-
forward: let x;;; be a binary variable that takes value 1 if k is written in cell (¢, j). Then we look for a
feasible solution of a system of constraints given below.

SUDOKU is a typical assignment problem. Its constraints are commonly found in optimization problems
concerning scheduling or resource allocation. SUDOKU has also been a nice problem to fiddle with for
many researchers in the optimization community. Indeed, its simple structure and the easy way in which
the results can be tested make it a perfect test problem.

We will approach SUDOKU as a standard integer linear program, and we will show how easily and
elegantly it can be implemented in Fusion.

Mathematical Formulation

In this section we formulate SUDOKU as a mixed-integer linear optimization problem. Let’s introduce
a binary variable z;;; that takes value 1 if k is written in the cell (7, j), or 0 otherwise. We first ask that
for each cell exactly one digit is selected:

n—1
> i =1, i,j=0,...,n—1. (10.28)
k=0

Similar constraints can be used to force each digit to appear only once in each row or column:

Z?;leiijI, 4 k=0,....,n—1,

n- ; 10.29
Zj:olxijkzl, i,k=0,...,n—1. ( )
To force a digit to appear only once in each sub-grid we can use the following
m—1m—1
Tigtm) Gtk =1 k=0,...,n—Tlandt,1=0,...,m—1 (10.30)
i=0 j=0

If a cell (4,7) has a predetermined value, i.e. (i,j,k) € F then we set
xijk =1.

Summarizing, and considering that there is no objective function to minimize, the optimization model
for the SUDOKU problem takes the form

min 0
s.t.
Z?:_oll’ijkil, 5, k=0,...,n—1,
Z?;olxiijL i,k=0,...,n—1,
o ik = 1, i i=0,...n—1, (10.31)

22161 ZT:BI x(i+tm)(j+tl)k = 1, k= 0, ey, — 1 and
t,l=0,...,m—1,

Tijk = 1, V(’L,j,kj) c F.
Implementation with Fusion

The implementation in Fusion is straightforward. First, we represent the variable x using a three
dimensional Fusion variable:
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x = M.variable([n, n, n], Domain.binary())

Then we can define constraints (10.28) and (10.29) simply using the Ezpr. sum operator, that allows to
sum the elements of an expression (in this case of the variable itself) along arbitrary dimensions. The
code reads:

#each wvalue only once per dimension
for d in range(m):
M.constraint (Expr.sum(x, d), Domain.equalsTo(1.))

The last set of constraints (10.30) , i.e. the sum over block, needs a little more effort: we must loop over
all blocks and select the proper slice:

#each number must appear only once in a block
for k in range(n):
for i in range(m):
for j in range(m):
M.constraint (Expr.sum(x.slice([i * m, j * m, k], [(i + 1) * m, (j + 1) * m,
- k + 11)),

Domain.equalsTo(1.))

To set the triplets given in the set F' we can use the Variable.pick method that returns a one dimen-
sional view of an arbitrary set of elements of the variable.

M.constraint (x.pick(fixed), Domain.equalsTo(1.0))

SUDOKU: the complete example code.

The complete code for the SUDOKU problem is shown in Listing 10.17.

Listing 10.17: Fusion implementation to solve SUDOKU.

import sys
import mosek
from mosek.fusion import *

def print_solution(m, x):
n=m*m
print ("\n")
for i in range(n):
ss = ""
for j in range(n):
if j % m == 0:
ss = ss + " |"

for k in range(n):
if x.index([i, j, k]).level() > 0.5:

ss =ss + " "+ str(k + 1)
break
print(ss + ' |")
if (4 + 1) %m==
print("\n")
def main():
m = 3
n=msm
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hr_fixed = [[1, 5, 4],

5

[2, 2, 51, [2, 3, 8], [2, 6, 3],

(s, 2, 11, 3, 4, 21, [3, 5, 8], [3, 7, 91,

4, 2, 71, [4, 3, 31, [4, 4, 11, [4, 7, 81, [4, 8, 4],
6, 2, 41, [6, 3, 11, [6, 6, 91, [6, 7, 21, [6, 8, 71,
(7, 3, 41, (7, 5, 61, [7, 6, 5], [7, 8, 81,

[s, 4, 41, [s8, 7, 11, [8, 8, 6],

[9, 5, 91

]

fixed = [[f[0] - 1, £[1] - 1, £f[2] - 1] for f in hr_fixed]

with Model('SUDOKU') as M:
x = M.variable([n, n, n], Domain.binary())

#each wvalue only once per dimension
for d in range(m):
M.constraint (Expr.sum(x, d), Domain.equalsTo(1.))

#each number must appear only once in a block
for k in range(n):
for i in range(m):
for j in range(m):
M.constraint (Expr.sum(x.slice([i * m, j * m, k], [(1 + 1) * m, (j + 1) * m,
ok o+ 11)),
Domain.equalsTo(1.))

M.constraint (x.pick(fixed), Domain.equalsTo(1.0))
M.setLogHandler (sys.stdout)
M.solve()

#print the solution, if any...

if M.getPrimalSolutionStatus() in [SolutionStatus.Optimal, SolutionStatus.NearOptimall]:
print_solution(m, x)

else:
print("No solution found!")

if __name == '__main__"':

main()

The problem instance corresponding to Fig. 10.7 is hard-coded for the sake of simplicity. It will produce
the following output

Problem
Name : SUDOKU
Objective sense : min
Type : LO (linear optimization problem)
Constraints : 350
Cones : 0
Scalar variables : 1000
Matrix variables : 0
Integer variables 1 729

Optimizer started.

Mixed integer optimizer started.

Threads used: 2

Presolve started.

Presolve terminated. Time = 0.00

Presolved problem: O variables, O constraints, O non-zeros
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Presolved problem: O general integer, O binary, O continuous

Clique table size: O

BRANCHES RELAXS  ACT_NDS DEPTH BEST_INT_OBJ BEST_RELAX_0BJ REL_GAP(%) TIME
0 1 0 0 0.0000000000e+00 0.0000000000e+00 0.00e+00 0.0
An optimal solution satisfying the relative gap tolerance of 1.00e-02(%) has been located.

The relative gap is 0.00e+00(%) .

An optimal solution satisfying the absolute gap tolerance of 0.00e+00 has been located.

The absolute gap is 0.00e+00.

Objective of best integer solution : 0.000000000000e+00
Best objective bound : -0.000000000000e+00
Construct solution objective : Not employed
Construct solution # roundings
User objective cut value
Number of cuts generated
Number of branches
Number of relaxations solved
Number of interior point iterations:
Number of simplex iteratiomns
Time spend presolving the root
Time spend in the heuristic .00
Time spend in the sub optimizers .00

Time spend optimizing the root : 0.00
Mixed integer optimizer terminated. Time: 0.02

.00

O OO OOk OO OO0

Optimizer terminated. Time: 0.02

o
[o)]
~
S
w
©
=

1941365 1|782]
| 735614281169 |
2861 7911534]

10.8 Multiprocessor Scheduling

In this case study we consider a simple scheduling problem in which a set of jobs must be assigned to a
set of identical machines. We want to minimize the makespan of the overall processing, i.e. the latest
machine termination time.

The main aims of this case study are
e to show how to define a Integer Linear Programming model,
e to take advantage of Fusion operators to compactly express sets of constraints,

e to provide the solver with an incumbent integer feasible solution.

Mathematical formulation

We are given a set of jobs J with |J| = n to be assigned to a set M of identical machines with |M| = m.
Each job j € J has a processing time 7; > 0 and can be assigned to any machine. Our aim is to find
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the job scheduling that minimizes the overall makespan, i.e. the maximum completion time among all
machines.

Formally, we introduce a binary variable z;; that takes value 1 if the job j is assigned to the machine 7,
zero otherwise. The only constraint we need to set is the requirement that a job must be assigned to a
single machine. The optimization model takes the following form:

minmax;en )¢y Tt
s.t. Zie]\/f Tij = 1, j e J, (1032)
CEijE{O,l} Vie M,j € J.

Model (10.32) can be easily transformed into an integer linear programming model as follows:

mint

s.t. ZiEM Tij = 1, ] S J,
tZZjeJzjiju i€ M,
xi; € {0,1}, Vie M,jeJ.

(10.33)

The implementation of this model in Fusion is straightforward:

with Model('Multi-processor scheduling') as M:

e
I

M.variable('x', [m, n], Domain.binary())
t = M.variable('t', 1, Domain.unbounded())

M.constraint (Expr.sum(x, 0), Domain.equalsTo(1.))
M.constraint (Expr.sub(Var.repeat(t, m), Expr.mul(x, T)),
Domain.greaterThan(0.))

M.objective(ObjectiveSense.Minimize, t)

Most of the code is self-explanatory. The only critical point is

M.constraint (Expr.sub(Var.repeat(t, m), Expr.mul(x, T)),
Domain.greaterThan(0.))

that implements the set of constraints
tZZzjija 1€ M.
jeJ
To fit in Fusion we restate the constraints as
t_ZijijZ(L 1€ M,
jeJ
which corresponds in matrix form to

t1— 2T > 0. (10.34)

The function Var.repeat creates a vector of length m, as required for (10.34). The same result can be
obtained via matrix multiplication, i.e. using Ezpr.mul, but in this particular case Var.repeat is faster
as it only performs a logical operation.

Longest Processing Time first rule (LPT)

The multiprocessor scheduling is known to be an NP-complete problem (see /GJ79]). Nevertheless there
are effective heuristics, with provable worst case bounds, that are able to provide a good integer solution

quickly. In particular, we will use the so-called Longest Processing Time first rule (LPT, proposed in
[Gra69]).

The informal algorithm sketch is the following:
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e while M is not empty do

— let k be the machine with the smallest load so far,

let i be the job in M with the longest completion time,

assign job i to machine k,

update the load of machine k,
— remove i from M.

This simple algorithm is a %(4 — %) approximation. So for m = 1 we get the optimal solution (indeed
there is no choice with a single machine); for m — oo the approximation factor is no worse than 4/3
(again see [Gra69]).

A simple implementation is given below.

#LPT heuristic
schedule = [0. for i in range(m)]
init = [0. for i in range(n * m)]

for i in range(n):
mm = schedule.index(min(schedule))
schedule [mm] += T[i]
init[n * mm + i] = 1.

An efficient implementation of the LPT rule is beyond the scope of this section. The important part is
that the scheduling produced by the LPT algorithm can be used as incumbent solution for the MOSEK
mixed-integer linear programming solver. The availability of an integer feasible solution can significantly
improve the performance of the solver.

To input the solution we only need to use the Variable.setLevel method, as shown below

x.setLevel (init)

We can test the program with and without providing the initial LPT solution. Our random datasets
consists of a mix of tasks with long and short processing times and we accept a solution at relative
optimality tolerance 0.01. Some results are shown in the table below.

Table 10.1: Sample test results for the makespan problem.

n m | long tasks | short tasks | No LPT | With LPT
1000 | 8 | 20% 80% 13.36s | 1.23s
1000 | 8 | 80% 20% 1.35s 1.24s
100 12 | 20% 80% 16.37s | 0.11s
100 12 | 80% 20% 16.62s 10.01s
20 20 | 0% 100% 10.38s | 21.88s

We can see that depending on the structure and parameters of the problem it may pay off to provide an
initial LPT solution. Therefore it is always recommended to test the mixed-integer solver with different
settings to find the most efficient setup for a given problem.

Listing 10.18: Complete code for the LPT scheduling example.

import sys
import random
from mosek.fusion import *

def main():

#Parameters:
n = 30 #Number of tasks
m= 6 #Number of processors
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1b = 1. #Range of short task lengths
ub = 5
sh = 0.8 #Proportion of short tasks

n_short = int(n * sh)
n_long = n - n_short

random.seed (0)
T = sorted([random.uniform(lb, ub) for i in range(n_short)]

+ [random.uniform(20 * 1lb, 20 * ub) for i in range(n_long)], reverse=True)

print("# jobs(n) : ", n)
print("# machine(m): ", m)

with Model('Multi-processor scheduling') as M:

M.variable('x', [m, n], Domain.binary())
M.variable('t', 1, Domain.unbounded())

[
o

M.constraint (Expr.sum(x, 0), Domain.equalsTo(1.))
M.constraint (Expr.sub(Var.repeat(t, m), Expr.mul(x, T)),
Domain.greaterThan(0.))

M.objective(ObjectiveSense.Minimize, t)

#LPT heuristic
schedule = [0. for i in range(m)]
init = [0. for i in range(n * m)]

for i in range(n):
mm = schedule.index(min(schedule))
schedule[mm] += T[i]
init[n * mm + i] = 1.

#Comment this line to switch off feeding in the initial LPT solution
x.setLevel(init)

M.setLogHandler (sys.stdout)
M.setSolverParam("mioTolRelGap", .01)
M.solve()

print('initial solution:')
for i in range(m):
print('M', i, init[i * n:(i + 1) * n])

print ('MOSEK solution:')
for i in range(m):
print('M', i, [y for y in x.slice([i, 0], [i + 1, n]).level()])

if __name == '__main_

main()

10.9 Travelling Salesman Problem (TSP)

The Travelling Salesman Problem is one of the most famous and studied problems in combinatorics and
integer optimization. In this case study we shall:

e show how to compactly define a model with Fusion;

e implement an iterative algorithm that solves a sequence of optimization problems;

80 Chapter 10. Case Studies




MOSEK Fusion API for Python, Release 8.1.0.52

e modify an optimization problem by adding more constraints;
e show how to access the solution of an optimization problem.
The material presented in this section draws inspiration from [Pat03].

In a TSP instance we are given a directed graph G = (N, A), where N is the set of nodes and A is the
set of arcs. To each arc (4,j) € A corresponds a nonnegative cost ¢;;. The goal is to find a minimum
cost Hamilton cycle in G, that is a closed tour passing through each node exactly once. For example,
consider the small directed graph in Fig. 10.6.

Fig. 10.6: (Left) a directed graph with costs. (Middle) The minimum cycle cover found in the first
iteration. (Right) The minimum cost travelling salesman tour.

Its corresponding adjacency and cost matrices A and c are:

0 1 01 01
0.1 0 1 0
0 01 O 1
1 0 0 0

A:

= o = o
O = O
oSO ==
O R O

Typically, the problem is modelled introducing a set of binary variables z;; such that

o 0 if arc (4,4) is in the tour,
771 1 otherwise.

Now we can introduce the following simple model:

min Zi,j CijTij
subject to Y . x;; =1 Vj=1,...,n,
ijij =1 Vi=1,...,n, (1035)

xij < Ay Vi, 7,
Tij € {0, 1} Vi, j.
It describes the constraint that every vertex has exactly one incoming and one outgoing arc in the tour,

and that only arcs present in the graph can be chosen. Problem (10.35) can be easily implemented in
Fusion:

with Model() as M:
x = M.variable([n,n], Domain.binary())
M.constraint (Expr.sum(x,0), Domain.equalsTo(1.0))
M.constraint (Expr.sum(x,1), Domain.equalsTo(1.0))

M.constraint(x, Domain.lessThan( A ))

M.objective(ObjectiveSense.Minimize, Expr.dot(C ,x))
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Note in particular how:
e we can sum over rows and/or columns using the Ezpr. sum function;
e we use Ezpr.dot to compute the objective function.

The solution to problem (10.35) is not necessarily a closed tour. In fact (10.35) models another problem
known as minimum cost cycle cover, whose solution may consist of more than one cycle. In our example
we get the solution depicted in Fig. 10.6, i.e. there are two loops, namely 0->3->0 and 1->2->1.

A solution to (10.35) solves the TSP problem if and only if it consists of a single cycle. One classical
approach ensuring this is the so-called subtour elimination: once we found a solution of (10.35) composed
of at least two cycles, we add constraints that explicitly avoid that particular solution:

Zl‘i]‘§|c|71 Ve e C.

(10.36)
(i,4)€c
Thus the problem we want to solve at each step is
min th CijTij
subject to ) . x;; =1 Vi=1,...,n,
ijij:]- Vizl,...,ﬂ,
Tij < Ajj Vi, , (10.37)
J J
xij S {07 1} Vi7j7

Z(i’j)&xij <le]—1 VeeC,
where C'is the set of cycles in all the cycle covers we have seen so far. The overall solution scheme is the
following:
1. set C' as the empty set,
2. solve problem (10.37),
3. if z has only one cycle stop,
4. else add the cycles of  to C' and goto 2.

Cycle detection is a fairly easy task and we omit the procedure here for the sake of simplicity. Now we
show how to add a constraint for each cycle. Since we have the list of arcs, and each one corresponds

to a variable z;;, we can use the function Variable.pick to compactly define constraints of the form
(10.36):

for ¢ in cycles:
M.constraint (Expr.sum(x.pick(c)), Domain.lessThan( 1.0 * len(c) - 1))

Executing our procedure will yield the following output:

it #1 - solution cost: 2.200000

cycles:
(0,31 - [3,0] -
(1,21 - [2,1] -

it #2 - solution cost: 4.000000

cycles:
(0,11 - [1,2] - [2,3] - [3,0] -

solution:

01 0 O
0O 0 1 0
0O 0 0 1
1 0 0 O
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Thus we first discover the two-cycle solution; then the second iteration is forced not to include those
cycles, and a new solution is located. This time it consists of one loop, and as expected the cost is higher.
The solution is depicted in Fig. 10.6.

Formulation (10.37) can be improved in some cases by exploiting the graph structure. Some simple tricks
follow.

Self-loops

Self-loops are never part of a TSP tour. Typically self-loops are removed by penalizing them with a huge
cost ¢;;. Although this works in practice, it is more advisable to just fix the corresponding variables to
Zero, i.e.

This removes redundant variables, and avoids unnecessarily large coefficients that can negatively affect
the solver.

Constraints (10.38) are easily implemented as follows:

M.constraint(x.diag(), Domain.equalsTo(0.))

Two-arc loops removal

In networks with more than two nodes two-loop arcs can also be ignored. They are simple to detect and
their number is of the same order as the size of the graph. The constraints we need to add are:

Constraints (10.39) are easily implemented as follows:

M.constraint (Expr.add(x, x.transpose()), Domain.lessThan(1.0))

The complete working example

Listing 10.19: The complete code for the TSP examples.

def tsp(n, A, C, remove_selfloops, remove_2_hop_loops):
with Model() as M:

x = M.variable([n,n], Domain.binary())
M.constraint (Expr.sum(x,0), Domain.equalsTo(1.0))
M.constraint (Expr.sum(x,1), Domain.equalsTo(1.0))
M.constraint(x, Domain.lessThan( A ))

M.objective(ObjectiveSense.Minimize, Expr.dot(C ,x))

if remove_2_hop_loops:
M.constraint (Expr.add(x, x.transpose()), Domain.lessThan(1.0))

if remove_selfloops:
M.constraint(x.diag(), Domain.equalsTo(0.))

it = 1

while True:
print("\n\n--------—-——-—-——— \nIteration",it)
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M.solve()

print ('\nsolution cost:', M.primalObjValue())
print('\nsolution:')

cycles = []

for i in range(n):
xi = x.slice([1,0], [i+1,n])
print(xi.level())

for j in range(n):
if xi.level() [j] <= 0.5 : continue

found = False
for ¢ in cycles:
if len( [ a for a in ¢ if i in a or j in a ] )> 0:
c.append( [i,j] )
found = True
break

if not found:
cycles.append([ [ i,j 11D

print('\ncycles: ')
print([c for c in cycles])

if len(cycles)==1:
break;

for ¢ in cycles:
M.constraint (Expr.sum(x.pick(c)), Domain.lessThan( 1.0 * len(c) - 1 ))
it = it +1

return x.level(), c

return []1,[]

def main():

Ai = [0,1,2,3,1,0,2,0]
A_j = [1,2,3,0,0,2,1,3]
Cv=7[1.,1.,1.,1.,0.1,0.1,0.1,0.1]

n = max(max(A_i),max(A_j))+1

costs = Matrix.sparse(n,n,A_i,A_j,C_v)
x,c = tsp(n, Matrix.sparse(n,n,A_i,A_j,
x,c = tsp(n, Matrix.sparse(n,n,A_i,A_j,

, costs , True, True)

1.)
1.), costs , True, False)
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CHAPTER
ELEVEN

PROBLEM FORMULATION AND SOLUTIONS

In this chapter we will discuss the following issues:

e The formal, mathematical formulations of the problem types that MOSEK can solve and their
duals.

e The solution information produced by MOSEK.
e The infeasibility certificate produced by MOSEK if the problem is infeasible.

11.1 Linear Optimization

A linear optimization problem can be written as

minimize e+ ef
subject to ¢ < Az < S, (11.1)
= < x <

where
e m is the number of constraints.
e 1 is the number of decision variables.
e z € R" is a vector of decision variables.
e ¢ € R” is the linear part of the objective function.
e A € R™*™ ig the constraint matrix.
e [ € R™ is the lower limit on the activity for the constraints.
e y° € R™ is the upper limit on the activity for the constraints.
e [ € R” is the lower limit on the activity for the variables.
e u” € R" is the upper limit on the activity for the variables.

A primal solution (z) is (primal) feasible if it satisfies all constraints in (11.1). If (11.1) has at least one
primal feasible solution, then (11.1) is said to be (primal) feasible.

In case (11.1) does not have a feasible solution, the problem is said to be (primal) infeasible
11.1.1 Duality for Linear Optimization

Corresponding to the primal problem (11.1), there is a dual problem

maximize  (1)Tsf — (u)Ts¢ + (1%)Ts¥ — (u®)T's% + ¢f

T T oT
. ATy +si =8y C’ (11.2)
subject to —y+si—s;, = 0,
s7,s5,s7,8s¢ = 0.
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If a bound in the primal problem is plus or minus infinity, the corresponding dual variable is fixed at 0,
and we use the convention that the product of the bound value and the corresponding dual variable is
0. E.g.

lj=-0c0 = (sf)j=0and[j-(s7); =0.

This is equivalent to removing variable (s7); from the dual problem. A solution

(875 80 515 54)

to the dual problem is feasible if it satisfies all the constraints in (11.2). If (11.2) has at least one feasible
solution, then (11.2) is (dual) feasible, otherwise the problem is (dual) infeasible.

A Primal-dual Feasible Solution

A solution
C C LT T
(xvyvsl75u75lasu)

is denoted a primal-dual feasible solution, if (x) is a solution to the primal problem (11.1) and

(y,s7,85,87,s5) is a solution to the corresponding dual problem (11.2).

The Duality Gap

Let
(@, 5% (s1), (s3)", (s7)", (s2)")
be a primal-dual feasible solution, and let
()" = Ax™.

For a primal-dual feasible solution we define the duality gap as the difference between the primal and
the dual objective value,

Tar e - {(lC)T( — (u) " (s5)" + (1) (s7)* = ()" (s5)* + ¢ }
=) [( ) (( 9 =15+ (s ”) (uf — (2f )*)] (11.3)
Zn([ _Z"K +(5 U —ac)}

where the first relation can be obtained by transposing and multiplying the dual constraints (11.2) by
xz* and (z°)* respectively, and the second relation comes from the fact that each term in each sum
is nonnegative. It follows that the primal objective will always be greater than or equal to the dual
objective.

An Optimal Solution

It is well-known that a linear optimization problem has an optimal solution if and only if there exist fea-
sible primal and dual solutions so that the duality gap is zero, or, equivalently, that the complementarity
conditions

Slc):(xf)*_lzc) = Oa Z_Ow--am 17
(s0)i(uf —(2f)") = 0, i=0,....m—1,
(s7);j(x; =15) = 0, j=0,...,n—1,
(sp)j(uj —2x) = 0, j=0,...,n—1,

are satisfied.

If (11.1) has an optimal solution and MOSEK solves the problem successfully, both the primal and dual
solution are reported, including a status indicating the exact state of the solution.
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11.1.2 Infeasibility for Linear Optimization

Primal Infeasible Problems

If the problem (11.1) is infeasible (has no feasible solution), MOSEK will report a certificate of primal
infeasibility: The dual solution reported is the certificate of infeasibility, and the primal solution is
undefined.

A certificate of primal infeasibility is a feasible solution to the modified dual problem
maximize  (1°)7sf — (u®)TsS + (1%)Ts? — (u®)TsZ
subject to
ATy + 57 — 52 =0, (11.4)
—y + sj — 55 =0,
8808150 2 0,

such that the objective value is strictly positive, i.e. a solution
(v ()", (s0)7 (s7)% (s3)")
to (11.4) so that
)T ()" = ()T (s5)* + ()T (s7)" — (u™) T (s5)" > 0.

Such a solution implies that (11.4) is unbounded, and that its dual is infeasible. As the constraints to
the dual of (11.4) are identical to the constraints of problem (11.1), we thus have that problem (11.1) is
also infeasible.

Dual Infeasible Problems

If the problem (11.2) is infeasible (has no feasible solution), MOSEK will report a certificate of dual
infeasibility: The primal solution reported is the certificate of infeasibility, and the dual solution is
undefined.

A certificate of dual infeasibility is a feasible solution to the modified primal problem

T

minimize c'x
subject to ¢ < Az < 4° (11.5)
T < x < a®,
where
o 0 if [§ > —o0 ) 0 ifuf <o
Cc __ 1 ) "(}, — 7 )
L _{ —oo otherwise, } and i : { oo otherwise, }
and
- 0 if T > —o0 0 ifu? <o
%= g d 4% := g oo
J { —o0 otherwise, } anc. { oo otherwise, }
such that

Tz <.

Such a solution implies that (11.5) is unbounded, and that its dual is infeasible. As the constraints to
the dual of (11.5) are identical to the constraints of problem (11.2), we thus have that problem (11.2) is
also infeasible.

Primal and Dual Infeasible Case

In case that both the primal problem (11.1) and the dual problem (11.2) are infeasible, MOSEK will
report only one of the two possible certificates — which one is not defined (MOSEK returns the first
certificate found).

11.1. Linear Optimization 87



MOSEK Fusion API for Python, Release 8.1.0.52

Minimalization vs. Maximalization

When the objective sense of problem (11.1) is maximization, i.e.

maximize e+ ef
subject to ¢ < Az < uc,
r < T < u®,

the objective sense of the dual problem changes to minimization, and the domain of all dual variables
changes sign in comparison to (11.2). The dual problem thus takes the form

minimize  (1°)7sf — (u®)T'sS + (1%)7s¥ — (u®)T'sZ + cf
subject to
ATy +s7 — 5% =,
-y + 57 — 55, =0,
sy, 85,87, 55 < 0.

This means that the duality gap, defined in (11.3) as the primal minus the dual objective value, becomes
nonpositive. It follows that the dual objective will always be greater than or equal to the primal objective.
The primal infeasibility certificate will be reported by MOSEK as a solution to the system

ATy + 87 — 5% =0,
—y+s7—s;, =0, (11.6)
S?a sfu sfa Sﬁ S 07
such that the objective value is strictly negative
)T ()" = ()T (s5)* + ()T (s7)* — (u™) T (s5)" < 0.
.

Similarly, the certificate of dual infeasibility is an z satisfying the requirements of (11.5) such that
T
cx>0.

11.2 Conic Quadratic Optimization

Conic quadratic optimization is an extension of linear optimization (see Sec. 11.1) allowing conic domains
to be specified for subsets of the problem variables. A conic quadratic optimization problem can be
written as

minimize e+ ef
subject to ¢ < Ax < uc,
o< - < (11.7)
x ek,

where set K is a Cartesian product of convex cones, namely K = Ky x --- x K,. Having the domain
restriction, x € I, is thus equivalent to

II}t S ICt g Rnt,
where x = (z!,...,2P) is a partition of the problem variables. Please note that the n-dimensional
Euclidean space R™ is a cone itself, so simple linear variables are still allowed.
MOSEK supports only a limited number of cones, specifically:
e The R™ set.

e The quadratic cone:

e The rotated quadratic cone:
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n
or = xGR":2x1x222x?, 1 >0, x22>0
—

Although these cones may seem to provide only limited expressive power they can be used to model a
wide range of problems as demonstrated in [MOSEKApS12].

11.2.1 Duality for Conic Quadratic Optimization

The dual problem corresponding to the conic quadratic optimization problem (11.7) is given by

maximize  (19)Ts¢ — (u®)TsS + (1%)Ts¥ — (u®)TsZ + ¢f
subject to
ATy 4+ s7 — s +s2 =c
—y + sf — 55 =0,
s7,85,87, 85 >0,
sy e Kr,

(11.8)

where the dual cone K* is a Cartesian product of the cones
Kr=K] x- x K,

where each KC; is the dual cone of ;. For the cone types MOSEK can handle, the relation between the
primal and dual cone is given as follows:

e The R™ set:
Ki=R" & Ki={seR": s=0}.

e The quadratic cone:

Ki=9Q" & Ki=Q"=qsecR":5 >

e The rotated quadratic cone:

Nt
Ki=9r & Ki=9Q%= SERnt:QSLSQZZS?, s1>0, s3>0
=3

Please note that the dual problem of the dual problem is identical to the original primal problem.

11.2.2 Infeasibility for Conic Quadratic Optimization

In case MOSEK finds a problem to be infeasible it reports a certificate of infeasibility. This works
exactly as for linear problems (see Sec. 11.1.2).

Primal Infeasible Problems

If the problem (11.7) is infeasible, MOSEK will report a certificate of primal infeasibility: The dual
solution reported is the certificate of infeasibility, and the primal solution is undefined.

A certificate of primal infeasibility is a feasible solution to the problem

maximize  (1¢)Ts§ — (u®)TsS + (1%)Ts¥ — (u®)Ts

subject to
ATy + s7 — s% + s = 0,
—y + s — 55, = 0,
7,86, 87, st > 0,
sy € K,

such that the objective value is strictly positive.
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Dual infeasible problems

If the problem (11.8) is infeasible, MOSEK will report a certificate of dual infeasibility: The primal
solution reported is the certificate of infeasibility, and the dual solution is undefined.

A certificate of dual infeasibility is a feasible solution to the problem

T

minimize c'x
subject to ¢ < Ax < ac,
r < T < 4%,
z €K,
where
- 0 if [§ > —o0 e 0 ifuf<oo
5= oo T and 45 = v
—oo otherwise, oo otherwise,
and

jr 0 if 7 > —o0, and 4% — 0 ifuj <oo,
7| —oo otherwise, J 7] oo otherwise,

such that the objective value is strictly negative.

11.3 Semidefinite Optimization

Semidefinite optimization is an extension of conic quadratic optimization (see Sec. 11.2) allowing pos-
itive semidefinite matrix variables to be used in addition to the usual scalar variables. A semidefinite
optimization problem can be written as

minimize Z;L;Ol ¢y + Z?;é (C;, X))+
subject to  I§ < Z;L;Ol a;jxj + Z?;Ol (Ai;, X)) <, i=0,....m—1 (11.9)
S Z; < wuj, j=0,...,n-1
e, X; €S8, j=0,...,p—1

where the problem has p symmetric positive semidefinite variables Yj € S:_j of dimension r; with
symmetric coefficient matrices C; € 8”7 and A4; ; € S"7. We use standard notation for the matrix inner
product, i.e., for U,V € R™*" we have

m—1n—1

i=0 j=0

With semidefinite optimization we can model a wide range of problems as demonstrated in
[MOSEKApS12].

11.3.1 Duality for Semidefinite Optimization

The dual problem corresponding to the semidefinite optimization problem (11.9) is given by

maximize  (19)Ts¢ — (u®)TsS + (1%)Ts¥ — (u®)TsZ + ¢f
subject to
c— ATy + 5% — sF = %,
Cj—ZfLOyiAij:Sj, jIO,...,p—l (1110)
sf— 5o =y,
sy, 85,587,808 >0,

st ek, S;e8Y7, j=0,...,p—1

90 Chapter 11. Problem Formulation and Solutions



MOSEK Fusion API for Python, Release 8.1.0.52

where A € R™*™, A;; = a;;, which is similar to the dual problem for conic quadratic optimization (see
Sec. 11.2.1), except for the addition of dual constraints

<Cj — ZyiAij> S S:_J
=0

Note that the dual of the dual problem is identical to the original primal problem.

11.3.2 Infeasibility for Semidefinite Optimization

In case MOSEK finds a problem to be infeasible it reports a certificate of the infeasibility. This works
exactly as for linear problems (see Sec. 11.1.2).

Primal Infeasible Problems

If the problem (11.9) is infeasible, MOSEK will report a certificate of primal infeasibility: The dual
solution reported is a certificate of infeasibility, and the primal solution is undefined.

A certificate of primal infeasibility is a feasible solution to the problem

maximize (ZC)TSZC — (u)Ts¢ + (l”)Tsf — (u)TsT
subject to
ATy+sf—sﬁ+st:07
Z?;oli‘/iAij'f‘Sj:O, j=0,...,p—1
—y+si—s;,=0,
5,85, 7, 5% > 0,
st e Kx, SjeS:_j, j=0,...,p—1

such that the objective value is strictly positive.

Dual Infeasible Problems

If the problem (11.10) is infeasible, MOSEK will report a certificate of dual infeasibility: The primal
solution reported is the certificate of infeasibility, and the dual solution is undefined.

A certificate of dual infeasibility is a feasible solution to the problem

minimize >0 ¢y + 2020 (Ch, Xy)
subject to  [f < doio @iy + Z?;& (Aij, X;) < 4, i=0,...,m—1
< x < 4",
rek, X;e8Y, j=0,...,p—1
where
- 0 if [§ >;—o0 0 ifuf<;00
(.Z — 2 ) ) "? — 2 ) )
L { —oo otherwise, and - a;: { oo otherwise,
and
- 0 if 1% >;—o0 0 ifu? <500
¥ = J ’, ’ d o% = J ’ ’
J { —oo otherwise, anc. 4 { oo otherwise,

such that the objective value is strictly negative.
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CHAPTER

TWELVE

THE OPTIMIZERS FOR CONTINUOUS PROBLEMS

The most essential part of MOSEK are the optimizers. This chapter describes the optimizers for the
class of continuous problems without integer variables, that is:

e linear problems,
e conic problems (quadratic and semidefinite).

MOSEK offers an interior-point optimizer for each class of problems and also a simplex optimizer for
linear problems. The structure of a successful optimization process is roughly:

e Presolve
1. Elimination: Reduce the size of the problem.
2. Dualizer: Choose whether to solve the primal or the dual form of the problem.
3. Scaling: Scale the problem for better numerical stability.
e Optimization
1. Optimize: Solve the problem using selected method.
2. Terminate: Stop the optimization when specific termination criteria have been met.
3. Report: Return the solution or an infeasibility certificate.

The preprocessing stage is transparent to the user, but useful to know about for tuning purposes. The
purpose of the preprocessing steps is to make the actual optimization more efficient and robust. We
discuss the details of the above steps in the following sections.

12.1 Presolve

Before an optimizer actually performs the optimization the problem is preprocessed using the so-called
presolve. The purpose of the presolve is to

1. remove redundant constraints,

2. eliminate fixed variables,

3. remove linear dependencies,

4. substitute out (implied) free variables, and

5. reduce the size of the optimization problem in general.

After the presolved problem has been optimized the solution is automatically postsolved so that the
returned solution is valid for the original problem. Hence, the presolve is completely transparent. For
further details about the presolve phase, please see [AA95] and [AGMX96].

It is possible to fine-tune the behavior of the presolve or to turn it off entirely. If presolve consumes too
much time or memory compared to the reduction in problem size gained it may be disabled. This is done
by setting the parameter presolvelUse to "off". The two most time-consuming steps of the presolve
are
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e the eliminator, and
e the linear dependency check.

Therefore, in some cases it is worthwhile to disable one or both of these.

Numerical issues in the presolve

During the presolve the problem is reformulated so that it hopefully solves faster. However, in rare
cases the presolved problem may be harder to solve then the original problem. The presolve may also
be infeasible although the original problem is not. If it is suspected that presolved problem is much
harder to solve than the original, we suggest to first turn the eliminator off by setting the parameter
presolveEliminatorMazNumlries to 0. If that does not help, then trying to turn entire presolve off
may help.

Since all computations are done in finite precision, the presolve employs some tolerances when concluding
a variable is fixed or a constraint is redundant. If it happens that MOSEK incorrectly concludes a
problem is primal or dual infeasible, then it is worthwhile to try to reduce the parameters presolvelolX
and presolvelolS. However, if reducing the parameters actually helps then this should be taken as an
indication that the problem is badly formulated.

Eliminator

The purpose of the eliminator is to eliminate free and implied free variables from the problem using
substitution. For instance, given the constraints

yx = 0,

y is an implied free variable that can be substituted out of the problem, if deemed worthwhile. If the
eliminator consumes too much time or memory compared to the reduction in problem size gained it may
be disabled. This can be done by setting the parameter presolveEliminatorMazNumTries to 0. In rare

cases the eliminator may cause that the problem becomes much hard to solve.

Linear dependency checker

The purpose of the linear dependency check is to remove linear dependencies among the linear equalities.
For instance, the three linear equalities

T1+To+23 = 1,
r1 + 0.5 = 0.5,
0.5:62 + r3 = 0.5.

contain exactly one linear dependency. This implies that one of the constraints can be dropped without
changing the set of feasible solutions. Removing linear dependencies is in general a good idea since it
reduces the size of the problem. Moreover, the linear dependencies are likely to introduce numerical
problems in the optimization phase. It is best practice to build models without linear dependencies, but
that is not always easy for the user to control. If the linear dependencies are removed at the modelling
stage, the linear dependency check can safely be disabled by setting the parameter presolvelindepUse
to "off".

Dualizer

All linear, conic, and convex optimization problems have an equivalent dual problem associated with
them. MOSEK has built-in heuristics to determine if it is more efficient to solve the primal or dual
problem. The form (primal or dual) is displayed in the MOSEK log and available as an information
item from the solver. Should the internal heuristics not choose the most efficient form of the problem it
may be worthwhile to set the dualizer manually by setting the parameters:
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e intpntSolveForm: In case of the interior-point optimizer.
e simSolveForm: In case of the simplex optimizer.

Note that currently only linear and conic quadratic problems may be automatically dualized.

Scaling

Problems containing data with large and/or small coefficients, say 1.0e + 9 or 1.0e — 7, are often hard
to solve. Significant digits may be truncated in calculations with finite precision, which can result in
the optimizer relying on inaccurate data. Since computers work in finite precision, extreme coefficients
should be avoided. In general, data around the same order of magnitude is preferred, and we will refer to
a problem, satisfying this loose property, as being well-scaled. If the problem is not well scaled, MOSEK
will try to scale (multiply) constraints and variables by suitable constants. MOSEK solves the scaled
problem to improve the numerical properties.

The scaling process is transparent, i.e. the solution to the original problem is reported. It is important
to be aware that the optimizer terminates when the termination criterion is met on the scaled problem,
therefore significant primal or dual infeasibilities may occur after unscaling for badly scaled problems.
The best solution of this issue is to reformulate the problem, making it better scaled.

By default MOSEK heuristically chooses a suitable scaling. The scaling for interior-point and simplex
optimizers can be controlled with the parameters intpntScaling and simScaling respectively.

12.2 Using Multiple Threads in an Optimizer

Multithreading in interior-point optimizers

The interior-point optimizers in MOSEK have been parallelized. This means that if you solve linear,
quadratic, conic, or general convex optimization problem using the interior-point optimizer, you can take
advantage of multiple CPU’s. By default MOSEK will automatically select the number of threads to
be employed when solving the problem. However, the maximum number of threads employed can be
changed by setting the parameter numThreads. This should never exceed the number of cores on the
computer.

The speed-up obtained when using multiple threads is highly problem and hardware dependent, and
consequently, it is advisable to compare single threaded and multi threaded performance for the given
problem type to determine the optimal settings. For small problems, using multiple threads is not
be worthwhile and may even be counter productive because of the additional coordination overhead.
Therefore, it may be advantageous to disable multithreading using the parameter intpntMultiThread.

The interior-point optimizer parallelizes big tasks such linear algebra computations.

Thread Safety

The MOSEK API is thread-safe provided that a task is only modified or accessed from one thread at
any given time. Also accessing two or more separate tasks from threads at the same time is safe. Sharing
an environment between threads is safe.

Determinism

The optimizers are run-to-run deterministic which means if a problem is solved twice on the same
computer using the same parameter setting and exactly the same input then exactly the same results is
obtained. One restriction is that no time limits must be imposed because the time taken to perform an
operation on a computer is dependent on many factors such as the current workload.
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12.3 Linear Optimization

12.3.1 Optimizer Selection

Two different types of optimizers are available for linear problems: The default is an interior-point
method, and the alternative is the simplex method (primal or dual). The optimizer can be selected using
the parameter optimizer.

The Interior-point or the Simplex Optimizer?

Given a linear optimization problem, which optimizer is the best: the simplex or the interior-point
optimizer? It is impossible to provide a general answer to this question. However, the interior-point
optimizer behaves more predictably: it tends to use between 20 and 100 iterations, almost independently
of problem size, but cannot perform warm-start. On the other hand the simplex method can take
advantage of an initial solution, but is less predictable from cold-start. The interior-point optimizer is
used by default.

The Primal or the Dual Simplex Variant?

MOSEK provides both a primal and a dual simplex optimizer. Predicting which simplex optimizer is
faster is impossible, however, in recent years the dual optimizer has seen several algorithmic and compu-
tational improvements, which, in our experience, make it faster on average than the primal version. Still,
it depends much on the problem structure and size. Setting the optimizer parameter to "freeSimplez”
instructs MOSEK to choose one of the simplex variants automatically.

To summarize, if you want to know which optimizer is faster for a given problem type, it is best to try
all the options.

12.3.2 The Interior-point Optimizer

The purpose of this section is to provide information about the algorithm employed in the MOSEK
interior-point optimizer for linear problems and about its termination criteria.

The homogeneous primal-dual problem

In order to keep the discussion simple it is assumed that MOSEK solves linear optimization problems
of standard form

minimize Tz
subject to Az = b, (12.1)
xz > 0.

This is in fact what happens inside MOSEK; for efficiency reasons MOSEK converts the problem to
standard form before solving, then converts it back to the input form when reporting the solution.

Since it is not known beforehand whether problem (12.1) has an optimal solution, is primal infeasible or
is dual infeasible, the optimization algorithm must deal with all three situations. This is the reason why
MOSEK solves the so-called homogeneous model

Ax —br = 0,

ATy +s—cr = 0,
—Tr+ bTy -k = 0, (12.2)

z,s, 7,k > 0
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where y and s correspond to the dual variables in (12.1), and 7 and & are two additional scalar variables.
Note that the homogeneous model (12.2) always has solution since

(z,y,s,71,k) = (0,0,0,0,0)
is a solution, although not a very interesting one. Any solution
(", 4%, %, 7%, K*)
to the homogeneous model (12.2) satisfies
zist =0and 7'k = 0.
Moreover, there is always a solution that has the property 7* + x* > 0.

First, assume that 7 > 0 . It follows that

AZ b,
T
Ty" -
e
x Y —
—C pry + ey = 07
¥ s, k* > 0.
This shows that Z- is a primal optimal solution and (y—*, i) is a dual optimal solution; this is reported
T T T%*

as the optimal interior-point solution since

* * *
(x7y’3) = {x*’y*7 S*}
T T T

is a primal-dual optimal solution (see Sec. 11.1 for the mathematical background on duality and opti-
mality).

On other hand, if k* > 0 then
Ax*
ATy* —|—S*
7CTx* + bTy*
.’K*, S*, ,7_*’ P

\
ox oo

AVANI

This implies that at least one of

cl'z* <0 (12.3)
or

bly* >0 (12.4)

is satisfied. If (12.3) is satisfied then x* is a certificate of dual infeasibility, whereas if (12.4) is satisfied
then y* is a certificate of primal infeasibility.

In summary, by computing an appropriate solution to the homogeneous model, all information required
for a solution to the original problem is obtained. A solution to the homogeneous model can be computed
using a primal-dual interior-point algorithm [And09].

Interior-point Termination Criterion

For efficiency reasons it is not practical to solve the homogeneous model exactly. Hence, an exact optimal
solution or an exact infeasibility certificate cannot be computed and a reasonable termination criterion
has to be employed.

In the k-th iteration of the interior-point algorithm a trial solution
(xk7 yk7 Sk? Tk7 h:k:)
to homogeneous model is generated, where

zF sF P kF > 0.
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Optimal case

Whenever the trial solution satisfies the criterion

|z -] < e+,
AT S ¢ < el +elle), and (12.5)
min (S5 [45  S) < gqom (1, 2R ),
the interior-point optimizer is terminated and
(=", y*, s%)
-k

is reported as the primal-dual optimal solution. The interpretation of (12.5) is that the optimizer is

terminated if

° i—: is approximately primal feasible,

° {2—:7 f_—z} is approximately dual feasible, and

e the duality gap is almost zero.

Dual infeasibility certificate

On the other hand, if the trial solution satisfies

Cane e ‘
T o 14 e

then the problem is declared dual infeasible and x* is reported as a certificate of dual infeasibility. The
motivation for this stopping criterion is as follows: First assume that HAa:kHOO =0 ; then 2" is an exact
certificate of dual infeasibility. Next assume that this is not the case, i.e.

142*(|, >0,

and define

o max(Lbl)

= ————— %%
"N AzF]| o llelloo
It is easy to verify that

‘max (1, [[b]]. )

Az =€ and —c'z > 1,
= el

which shows Z is an approximate certificate of dual infeasibility, where ¢; controls the quality of the
approximation. A smaller value means a better approximation.

Primal infeasibility certificate
Finally, if

b
ebTyk > 116/l ) ||ATyk+skHoo

max (L, [|e]|

then y* is reported as a certificate of primal infeasibility.
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Adjusting optimality criteria and near optimality
It is possible to adjust the tolerances €, €4, €4 and €; using parameters; see table for details.

Table 12.1: Parameters employed in termination criterion

ToleranceParameter | name

Ep intpntTolPfeas
€d intpntTolDfeas
Eg intpntTolRelGap
€; wntpntTollInfeas

The default values of the termination tolerances are chosen such that for a majority of problems appearing
in practice it is not possible to achieve much better accuracy. Therefore, tightening the tolerances usually
is not worthwhile. However, an inspection of (12.5) reveals that the quality of the solution depends on
1]l ., and ||c||; the smaller the norms are, the better the solution accuracy.

The interior-point method as implemented by MOSEK will converge toward optimality and primal and
dual feasibility at the same rate [And09/. This means that if the optimizer is stopped prematurely then
it is very unlikely that either the primal or dual solution is feasible. Another consequence is that in most
cases all the tolerances, €,, €4, €4 and ¢;, have to be relaxed together to achieve an effect.

In some cases the interior-point method terminates having found a solution not too far from meeting the
optimality condition (12.5). A solution is defined as near optimal if scaling the termination tolerances
€p, €d, € and €4 by the same factor ¢,, € [1.0, +00] makes the condition (12.5) satisfied. A near optimal
solution is therefore of lower quality but still potentially valuable. If for instance the solver stalls, i.e.
it can make no more significant progress towards the optimal solution, a near optimal solution could be
available and be good enough for the user. Near infeasibility certificates are defined similarly. The value
of &, can be adjusted with the parameter intpntCoTolNearRel .

The basis identification discussed in Sec. 12.3.2 requires an optimal solution to work well; hence basis
identification should be turned off if the termination criterion is relaxed.

To conclude the discussion in this section, relaxing the termination criterion is usually not worthwhile.

Basis Identification

An interior-point optimizer does not return an optimal basic solution unless the problem has a unique
primal and dual optimal solution. Therefore, the interior-point optimizer has an optional post-processing
step that computes an optimal basic solution starting from the optimal interior-point solution. More
information about the basis identification procedure may be found in /AY96/. In the following we provide
an overall idea of the procedure.

There are some cases in which a basic solution could be more valuable:
e a basic solution is often more accurate than an interior-point solution,
e a basic solution can be used to warm-start the simplex algorithm in case of reoptimization,

e a basic solution is in general more sparse, i.e. more variables are fixed to zero. This is partic-
ularly appealing when solving continuous relaxations of mixed integer problems, as well as in all
applications in which sparser solutions are preferred.

To illustrate how the basis identification routine works, we use the following trivial example:

minimize z+y
subject to x+4+y = 1,
z,y > 0.

It is easy to see that all feasible solutions are also optimal. In particular, there are two basic solutions,
namely
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The interior point algorithm will actually converge to the center of the optimal set, i.e. to (z*,y*) =
(1/2,1/2) (to see this in MOSEK deactivate Presolve).

In practice, when the algorithm gets close to the optimal solution, it is possible to construct in polynomial
time an initial basis for the simplex algorithm from the current interior point solution. This basis is used
to warm-start the simplex algorithm that will provide the optimal basic solution. In most cases the
constructed basis is optimal, or very few iterations are required by the simplex algorithm to make it
optimal and hence the final clean-up phase be short. However, for some cases of ill-conditioned problems
the additional simplex clean up phase may take of lot a time.

By default MOSEK performs a basis identification. However, if a basic solution is not needed, the basis
identification procedure can be turned off. The parameters

e intpntBasis,
e bilgnoreMazIter, and
e bilgnoreNumError
control when basis identification is performed.

The type of simplex algorithm to be used (primal/dual) can be tuned with the parameter
biCleanOptimizer, and the maximum number of iterations can be set with biMazIterations.

Finally, it should be mentioned that there is no guarantee on which basic solution will be returned.

The Interior-point Log

Below is a typical log output from the interior-point optimizer:

Optimizer - threads 1

Optimizer - solved problem : the dual

Optimizer - Constraints 2

Optimizer - Cones : 0

Optimizer - Scalar variables : 6 conic 0
Optimizer - Semi-definite variables: 0 scalarized : 0

Factor - setup time : 0.00 dense det. time : 0.00
Factor - ML order time : 0.00 GP order time : 0.00
Factor - nonzeros before factor : 3 after factor 3

Factor - dense dim. : 0 flops : 7.00e+001
ITE PFEAS DFEAS GFEAS PRSTATUS  POBJ DOBJ MU TIME
0 1.0e+000 8.6e+000 6.1e+000 1.00e+000 0.000000000e+000 -2.208000000e+003 1.0e+000 0.00
1 1.1e+000 2.5e+000 1.6e-001 0.00e+000 -7.901380925e+003 -7.394611417e+003 2.5e+000 0.00
2 1.4e-001 3.4e-001 2.1e-002 8.36e-001 -8.113031650e+003 -8.055866001e+003 3.3e-001 0.00
3 2.4e-002 5.8e-002 3.6e-003 1.27e+000 -7.777530698e+003 -7.766471080e+003 5.7e-002 0.01
4 1.3e-004 3.2e-004 2.0e-005 1.08e+000 -7.668323435e+003 -7.668207177e+003 3.2e-004 0.01
5 1.3e-008 3.2e-008 2.0e-009 1.00e+000 -7.668000027e+003 -7.668000015e+003 3.2e-008 0.01
6 1.3e-012 3.2e-012 2.0e-013 1.00e+000 -7.667999994e+003 -7.667999994e+003 3.2e-012 0.01

The first line displays the number of threads used by the optimizer and the second line tells that the
optimizer chose to solve the dual problem rather than the primal problem. The next line displays the
problem dimensions as seen by the optimizer, and the Factor. .. lines show various statistics. This is
followed by the iteration log.

Using the same notation as in Sec. 12.3.2 the columns of the iteration log have the following meaning:
e ITE: Iteration index k.

e PFEAS: HA:zzk - kaHOO . The numbers in this column should converge monotonically towards zero
but may stall at low level due to rounding errors.

e DFEAS: HATyk + sk —erk HOO . The numbers in this column should converge monotonically towards
zero but may stall at low level due to rounding errors.

o GFEAS: | —cTa* +bTy* — k¥| . The numbers in this column should converge monotonically towards
zero but may stall at low level due to rounding errors.
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PRSTATUS: This number converges to 1 if the problem has an optimal solution whereas it converges
to —1 if that is not the case.

POBJ: cl'z¥ /7%, An estimate for the primal objective value.

DOBJ: bT'y* /7%, An estimate for the dual objective value.

k)TSk-i-Tk.‘ik

o MU: & ) . The numbers in this column should always converge to zero.

TIME: Time spent since the optimization started.

12.3.3 The Simplex Optimizer

An alternative to the interior-point optimizer is the simplex optimizer. The simplex optimizer uses a
different method that allows exploiting an initial guess for the optimal solution to reduce the solution
time. Depending on the problem it may be faster or slower to use an initial guess; see Sec. 12.3.1 for a
discussion. MOSEK provides both a primal and a dual variant of the simplex optimizer.

Simplex Termination Criterion

The simplex optimizer terminates when it finds an optimal basic solution or an infeasibility certificate.
A basic solution is optimal when it is primal and dual feasible; see Sec. 11.1 for a definition of the primal
and dual problem. Due to the fact that computations are performed in finite precision MOSEK allows
violations of primal and dual feasibility within certain tolerances. The user can control the allowed
primal and dual tolerances with the parameters bastsTolX and basisTolS.

Setting the parameter optimizer to "freeSimplez" instructs MOSEK to select automatically between
the primal and the dual simplex optimizers. Hence, MOSEK tries to choose the best optimizer for the
given problem and the available solution. The same parameter can also be used to force one of the
variants.

Starting From an Existing Solution

When using the simplex optimizer it may be possible to reuse an existing solution and thereby reduce
the solution time significantly. When a simplex optimizer starts from an existing solution it is said to
perform a warm-start. If the user is solving a sequence of optimization problems by solving the problem,
making modifications, and solving again, MOSEK will warm-start automatically.

By default MOSEK uses presolve when performing a warm-start. If the optimizer only needs very few
iterations to find the optimal solution it may be better to turn off the presolve.

Numerical Difficulties in the Simplex Optimizers

Though MOSEK is designed to minimize numerical instability, completely avoiding it is impossible
when working in finite precision. MOSEK treats a “numerically unexpected behavior” event inside the
optimizer as a set-back. The user can define how many set-backs the optimizer accepts; if that number
is exceeded, the optimization will be aborted. Set-backs are a way to escape long sequences where the
optimizer tries to recover from an unstable situation.

Examples of set-backs are: repeated singularities when factorizing the basis matrix, repeated loss of
feasibility, degeneracy problems (no progress in objective) and other events indicating numerical difficul-
ties. If the simplex optimizer encounters a lot of set-backs the problem is usually badly scaled; in such a
situation try to reformulate it into a better scaled problem. Then, if a lot of set-backs still occur, trying
one or more of the following suggestions may be worthwhile:

e Raise tolerances for allowed primal or dual feasibility: increase the value of
— basisTolX, and

— basisTolS.
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Raise or lower pivot tolerance: Change the simplezdbsTolPiv parameter.
Switch optimizer: Try another optimizer.
Switch off crash: Set both simPrimalCrash and simDualCrash to 0.
Experiment with other pricing strategies: Try different values for the parameters
— simPrimalSelection and
— simDualSelection.

If you are using warm-starts, in rare cases switching off this feature may improve stability. This is
controlled by the simHotstart parameter.

Increase maximum number of set-backs allowed controlled by simMazlNumSetbacks .

If the problem repeatedly becomes infeasible try switching off the special degeneracy handling. See
the parameter stmDegen for details.

The Simplex Log

Below is a typical log output from the simplex optimizer:

Optimizer - solved problem : the primal

Optimizer - Constraints : 667

Optimizer - Scalar variables : 1424 conic : 0

Optimizer - hotstart : no

ITER DEGITER(%) PFEAS DFEAS POBJ DOBJ TIME
— TOTTIME

0 0.00 1.43e+05 NA 6.5584140832e+03 NA 0.00,
— 0.02

1000 1.10 0.00e+00 NA 1.4588289726e+04 NA 0.13,
— 0.14

2000 0.75 0.00e+00 NA 7.3705564855e+03 NA 0.21,
— 0.22

3000 0.67 0.00e+00 NA 6.0509727712e+03 NA 0.29,
— 0.31

4000 0.52 0.00e+00 NA 5.5771203906e+03 NA 0.38,
— 0.39

4533 0.49 0.00e+00 NA 5.5018458883e+03 NA 0.42,
— 0.44

The first lines summarize the problem the optimizer is solving. This is followed by the iteration log, with
the following meaning:

ITER: Number of iterations.
DEGITER(%): Ratio of degenerate iterations.

PFEAS: Primal feasibility measure reported by the simplex optimizer. The numbers should be 0 if
the problem is primal feasible (when the primal variant is used).

DFEAS: Dual feasibility measure reported by the simplex optimizer. The number should be 0 if the
problem is dual feasible (when the dual variant is used).

POBJ: An estimate for the primal objective value (when the primal variant is used).
DOBJ: An estimate for the dual objective value (when the dual variant is used).
TIME: Time spent since this instance of the simplex optimizer was invoked (in seconds).

TOTTIME: Time spent since optimization started (in seconds).
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12.4 Conic Optimization

For conic optimization problems only an interior-point type optimizer is available.

12.4.1 The Interior-point optimizer

The homogeneous primal-dual problem

The interior-point optimizer is an implementation of the so-called homogeneous and self-dual algorithm.
For a detailed description of the algorithm, please see [ART03]. In order to keep our discussion simple
we will assume that MOSEK solves a conic optimization problem of the form:

minimize T
subject to Ax = b, (12.6)
reK

where K is a convex cone. The corresponding dual problem is

maximize by
subject to ATy +s = ¢, (12.7)
x e *

where KC* is the dual cone of K. See Sec. 11.2 for definitions.

Since it is not known beforehand whether problem (12.6) has an optimal solution, is primal infeasible or
is dual infeasible, the optimization algorithm must deal with all three situations. This is the reason that
MOSEK solves the so-called homogeneous model

Ax —br = 0,
ATy+s—cr = 0,
—cfr+bTy—k = 0,
r e K (12.8)
s € K*
.k > 0

7

where y and s correspond to the dual variables in (12.6), and 7 and k are two additional scalar variables.
Note that the homogeneous model (12.8) always has a solution since

(x,y,s,7,k) = (0,0,0,0,0)
is a solution, although not a very interesting one. Any solution
(¥, 4%, %, 7%, K¥)
to the homogeneous model (12.8) satisfies
() Ts* +7** =0
i.e. complementarity. Observe that z* € K and s* € * implies
(z)Ts* >0
and therefore
T'R* = 0.

since 7*, k* > 0. Hence, at least one of 7* and k* is zero.
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First, assume that 7% > 0 and hence k* = 0. It follows that

AZ = b,
AT yoy —* = ¢,
—cTz 4 b L V)
x* / ™ e K,
s*/m* e K*.
This shows that Z; is a primal optimal solution and (T*, T*) is a dual optimal solution; this is reported

as the optimal mterlor -point solution since

* y* s*
(z,y,s) = <*,*7*)
T T T

is a primal-dual optimal solution.

On other hand, if k* > 0 then

Az* = 0,
ATy* +S* — O,
—ch* +bTy* — K,*,
z* e K,
s* e K
This implies that at least one of
cl'z* <0 (12.9)
or
bly* >0 (12.10)

holds. If (12.9) is satisfied, then z* is a certificate of dual infeasibility, whereas if (12.10) holds then y*
is a certificate of primal infeasibility.

In summary, by computing an appropriate solution to the homogeneous model, all information required
for a solution to the original problem is obtained. A solution to the homogeneous model can be computed
using a primal-dual interior-point algorithm [And09].

Interior-point Termination Criterion

Since computations are performed in finite precision, and for efficiency reasons, it is not possible to solve
the homogeneous model exactly in general. Hence, an exact optimal solution or an exact infeasibility
certificate cannot be computed and a reasonable termination criterion has to be employed.

In every iteration k of the interior-point algorithm a trial solution
(zF, yF, % 7% KF)
to the homogeneous model is generated, where
ot e K, s e K*, 7%, kF > 0.

Therefore, it is possible to compute the values:

oh = argmin, {p| < pep(1+[1b]0)}
ok = argmin, {p| ATyk+f—cH < pea(l+ o) }

: T, .k T,k
PI; = arg min, {p ‘ ((z(’;f)sk’ q‘;kk _ bigk |) < pe, max (17 mm(|cik||by>> } ’
= arg min, {p] ||ATy" + skH < peibTy, bTy" > 0} and

sz = argminp{p| Aka < pelTk Tk<0}

Note €y, e4,€4 and €; are nonnegative user specified tolerances.
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Optimal Case

Observe p’; measures how far z* /7% is from being a good approximate primal feasible solution. Indeed
if p]; <1, then

.Ilk

k_bH < ep(1+[1b]l0)- (12.11)

T

This shows the violations in the primal equality constraints for the solution x* /7% is small compared to

the size of b given ¢, is small.

Similarly, if p% < 1, then (y*, s*)/7"* is an approximate dual feasible solution. If in addition p, < 1, then
the solution (2, y*,s*¥)/7% is approximate optimal because the associated primal and dual objective
values are almost identical.

In other words if max(p’;, ok, p’;) <1, then

(z*,y*, )
7—k

is an approximate optimal solution.

Dual Infeasibility Certificate

Next assume that p’;i <1 and hence
HA:E]“HOO < —sichk and —cTzF >0

holds. Now in this case the problem is declared dual infeasible and z* is reported as a certificate of dual
infeasibility. The motivation for this stopping criterion is as follows. Let

gt
Ti=—77
and it is easy to verify that
|Az|| <e;and ¢z =1

which shows Z is an approximate certificate of dual infeasibility, where ¢; controls the quality of the
approximation.

Primal Infeasiblity Certificate

Next assume that p’;i <1 and hence
HATy]C + skHoo <egb"y" and bTy" > 0

holds. Now in this case the problem is declared primal infeasible and (y*, s*) is reported as a certificate
of primal infeasibility. The motivation for this stopping criterion is as follows. Let

k k

_ Yy _ S
Y= and 5 :=
bTyk Tk

and it is easy to verify that
HAng + EHOO <gand b'j=1

which shows (y*, s*) is an approximate certificate of dual infeasibility, where &; controls the quality of
the approximation.
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Adjusting optimality criteria and near optimality
It is possible to adjust the tolerances €, €4, €4 and €; using parameters; see table for details.

Table 12.2: Parameters employed in termination criterion

ToleranceParameter | name

Ep intpntCoTolPfeas
€d wntpntCololDfeas
Eg intpntCoTolRelGap
€; wntpntCololInfeas

The default values of the termination tolerances are chosen such that for a majority of problems appearing
in practice it is not possible to achieve much better accuracy. Therefore, tightening the tolerances usually
is not worthwhile. However, an inspection of (12.11) reveals that the quality of the solution depends on
[1b]| . and ||c[|; the smaller the norms are, the better the solution accuracy.

The interior-point method as implemented by MOSEK will converge toward optimality and primal and
dual feasibility at the same rate [And09/. This means that if the optimizer is stopped prematurely then
it is very unlikely that either the primal or dual solution is feasible. Another consequence is that in most
cases all the tolerances, €y, €4, €4 and ¢;, have to be relaxed together to achieve an effect.

In some cases the interior-point method terminates having found a solution not too far from meeting the
optimality condition (12.11). A solution is defined as near optimal if scaling the termination tolerances
€p, €d; €g and g4 by the same factor €, € [1.0,400] makes the condition (12.11) satisfied. A near optimal
solution is therefore of lower quality but still potentially valuable. If for instance the solver stalls, i.e.
it can make no more significant progress towards the optimal solution, a near optimal solution could be
available and be good enough for the user. Near infeasibility certificates are defined similarly. The value
of €, can be adjusted with the parameter intpntCoTollNearRel.

To conclude the discussion in this section, relaxing the termination criterion is usually not worthwhile.

The Interior-point Log

Below is a typical log output from the interior-point optimizer:

Optimizer - threads : 20

Optimizer - solved problem : the primal

Optimizer - Constraints 1

Optimizer - Cones 2

Optimizer - Scalar variables : 6 conic 6
Optimizer - Semi-definite variables: 0 scalarized : 0

Factor - setup time : 0.00 dense det. time : 0.00
Factor - ML order time : 0.00 GP order time 0.00
Factor - nonzeros before factor : 1 after factor 1

Factor - dense dim. : 0 flops : 1.70e+01
ITE PFEAS DFEAS GFEAS PRSTATUS  POBJ DOBJ MU TIME
0 1.0e+00 2.9e-01 3.4e+00 0.00e+00  2.414213562e+00  0.000000000e+00  1.0e+00 0.01
1 2.7e-01 7.9e-02 2.2e+00 8.83e-01 6.969257574e-01  -9.685901771e-03 2.7e-01 0.01
2 6.5e-02 1.9e-02 1.2e+00 1.16e+00 7.606090061e-01  6.046141322e-01 6.5e-02 0.01
3 1.7e-03 5.0e-04 2.2e-01 1.12e+00 7.084385672e-01  7.045122560e-01 1.7e-03 0.01
4 1.4e-08 4.2e-09 4.9e-08 1.00e+00 7.071067941e-01  7.071067599e-01 1.4e-08 0.01

The first line displays the number of threads used by the optimizer and the second line tells that the
optimizer chose to solve the dual problem rather than the primal problem. The next line displays the
problem dimensions as seen by the optimizer, and the Factor. .. lines show various statistics. This is
followed by the iteration log.

Using the same notation as in Sec. 12.4.1 the columns of the iteration log have the following meaning:

e ITE: Iteration index k.
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e PFEAS: HALEk — kaHOO . The numbers in this column should converge monotonically towards zero
but may stall at low level due to rounding errors.

e DFEAS: ||ATyk + 5% — ek ||OO . The numbers in this column should converge monotonically towards
zero but may stall at low level due to rounding errors.

e GFEAS: | —cTz* +bTy* — k¥| . The numbers in this column should converge monotonically towards
zero but may stall at low level due to rounding errors.

e PRSTATUS: This number converges to 1 if the problem has an optimal solution whereas it converges
to —1 if that is not the case.

e POBJ: cT'z¥ /7%, An estimate for the primal objective value.

e DOBJ: bT'y* /7%, An estimate for the dual objective value.
. (Ik)TSk+Tklﬁ}k
o MU: g

e TIME: Time spent since the optimization started (in seconds).

. The numbers in this column should always converge to zero.
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CHAPTER

THIRTEEN

THE OPTIMIZER FOR MIXED-INTEGER PROBLEMS

A problem is a mixed-integer optimization problem when one or more of the variables are constrained
to be integer valued. Readers unfamiliar with integer optimization are recommended to consult some
relevant literature, e.g. the book [Wol98] by Wolsey.

13.1 The Mixed-integer Optimizer Overview

MOSEK can solve mixed-integer linear and conic quadratic problems.

By default the mixed-integer optimizer is run-to-run deterministic. This means that if a problem is
solved twice on the same computer with identical parameter settings and no time limit then the obtained
solutions will be identical. If a time limit is set then this may not be case since the time taken to solve
a problem is not deterministic. The mixed-integer optimizer is parallelized i.e. it can exploit multiple
cores during the optimization.

The solution process can be split into these phases:
1. Presolve: See Sec. 12.1.
2. Cut generation: Valid inequalities (cuts) are added to improve the lower bound.

3. Heuristic: Using heuristics the optimizer tries to guess a good feasible solution. Heuristics can
be controlled by the parameter mioHeuristicLevel.

4. Search: The optimal solution is located by branching on integer variables.

13.2 Relaxations and bounds

It is important to understand that, in a worst-case scenario, the time required to solve integer opti-
mization problems grows exponentially with the size of the problem (solving mixed-integer problems is
NP-hard). For instance, a problem with n binary variables, may require time proportional to 2™ . The
value of 2™ is huge even for moderate values of n.

In practice this implies that the focus should be on computing a near-optimal solution quickly rather
than on locating an optimal solution. Even if the problem is only solved approximately, it is important
to know how far the approximate solution is from an optimal one. In order to say something about the
quality of an approximate solution the concept of relazation is important.

Consider for example a mixed-integer optimization problem

T

*

z* = minimize c'x
subject to Ax = b,
23>0 (13.1)
x; € L, viedJ.
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It has the continuous relaxation

zZ = minimize Tz
subject to Az = b, (13.2)
z>0

obtained simply by ignoring the integrality restrictions. The relaxation is a continuous problem, and
therefore much faster to solve to optimality with a linear (or, in the general case, conic) optimizer.
We call the optimal value z the objective bound. The objective bound z normally increases during the
solution search process when the continuous relaxation is gradually refined.

Moreover, if & is any feasible solution to (13.1) and

z:=c'%

then
z2<z" <z

These two inequalities allow us to estimate the quality of the integer solution: it is no further away from
the optimum than Z — 2z in terms of the objective value. Whenever a mixed-integer problem is solved
MOSEK reports this lower bound so that the quality of the reported solution can be evaluated.

13.3 Termination Criterion

In general, it is time consuming to find an exact feasible and optimal solution to an integer optimization
problem, though in many practical cases it may be possible to find a sufficiently good solution. The issue
of terminating the mixed-integer optimizer is rather delicate and the user has numerous possibilities of
influencing it with various parameters. The mixed-integer optimizer employs a relaxed feasibility and
optimality criterion to determine when a satisfactory solution is located.

A candidate solution that is feasible for the continuous relaxation is said to be an integer feasible solution
if the criterion

min(xj — LQ?jJ, ’—.’Iﬁj-‘ — a)‘j) < 51 V] cJ
is satisfied, meaning that z; is at most ¢; from the nearest integer.

Whenever the integer optimizer locates an integer feasible solution it will check if the criterion
Z — 2z < max(ds, 63 max(10719 | 2]))

is satisfied. If this is the case, the integer optimizer terminates and reports the integer feasible solution
as an optimal solution. If an optimal solution cannot be located after the time specified by the parameter
mioDisableTermTime (in seconds), it may be advantageous to relax the termination criteria, and they
become replaced with

— 2z < max(6y, 65 max(10719|z))).

N

Any solution satisfying those will now be reported as near optimal and the solver will be terminated
(note that since this criterion depends on timing, the optimizer will not be run to run deterministic).

All the § tolerances discussed above can be adjusted using suitable parameters — see Table 13.1.

Table 13.1: Tolerances for the mixed-integer optimizer.

Tolerance | Parameter name

01 mioTolAbsRelazInt
02 mioTolAbsGap

03 mioTolRelGap

04 mioNearToldbsGap
05 miolNearTolRelGap
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In Table 13.2 some other common parameters affecting the integer optimizer termination criterion are
shown. Please note that if the effect of a parameter is delayed, the associated termination criterion is
applied only after some time, specified by the mioDisableTermTime parameter.

Table 13.2: Other parameters affecting the integer optimizer ter-
mination criterion.

Parameter name Delayed | Explanation

mioMazNumBranches Yes Maximum number of branches allowed.
mioMazNumRelazxs Yes Maximum number of relaxations allowed.
mioMazNumSolutions | Yes Maximum number of feasible integer solutions allowed.

13.4 Speeding Up the Solution Process

As mentioned previously, in many cases it is not possible to find an optimal solution to an integer
optimization problem in a reasonable amount of time. Some suggestions to reduce the solution time are:

e Relax the termination criterion: In case the run time is not acceptable, the first thing to do is to
relax the termination criterion — see Sec. 13.3 for details.

e Specify a good initial solution: In many cases a good feasible solution is either known or easily
computed using problem-specific knowledge. If a good feasible solution is known, it is usually
worthwhile to use this as a starting point for the integer optimizer.

e Improve the formulation: A mixed-integer optimization problem may be impossible to solve in one
form and quite easy in another form. However, it is beyond the scope of this manual to discuss good
formulations for mixed-integer problems. For discussions on this topic see for example [TW0l98].

13.5 Understanding Solution Quality

To determine the quality of the solution one should check the following;:

e The problem status and solution status returned by MOSEK, as well as constraint violations in
case of suboptimal solutions.

e The optimality gap defined as
e = |(objective value of feasible solution) — (objective bound)| = |z — z|.

which measures how much the located solution can deviate from the optimal solution to the prob-
lem. The optimality gap can be retrieved through the information item "mzo0bjAbsGap”. Often
it is more meaningful to look at the relative optimality gap normalized against the magnitude of
the solution.

|z — 2]

The relative optimality gap is available in "mio0bjRelGap".

13.6 The Optimizer Log

Below is a typical log output from the mixed-integer optimizer:

Presolved problem: 6573 variables, 35728 constraints, 101258 non-zeros

Presolved problem: O general integer, 4294 binary, 2279 continuous

Clique table size: 1636

BRANCHES RELAXS  ACT_NDS DEPTH BEST_INT_0BJ BEST_RELAX_0OBJ REL_GAP(%) TIME
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0 1 0 0 NA 1.8218819866e+07 NA 1.6
0 1 0 0 1.8331557950e+07 1.8218819866e+07 0.61 3.5
0 1 0 0 1.8300507546e+07 1.8218819866e+07 0.45 4.3
Cut generation started.

0 2 0 0 1.8300507546e+07 1.8218819866e+07 0.45 5.3
Cut generation terminated. Time = 1.43

0 3 0 0 1.8286893047e+07 1.8231580587e+07 0.30 7.5
15 18 1 0 1.8286893047e+07 1.8231580587e+07 0.30 10.5
31 34 1 0 1.8286893047e+07 1.8231580587e+07 0.30 11.1
51 54 1 0 1.8286893047e+07 1.8231580587e+07 0.30 11.6
91 94 1 0 1.8286893047e+07 1.8231580587e+07 0.30 12.4
171 174 1 0 1.8286893047e+07 1.8231580587e+07 0.30 14.3
331 334 1 0 1.8286893047e+07 1.8231580587e+07 0.30 17.9
[...1

1.825846762609e+07
1.823311032986e+07
: Not employed

Objective of best integer solution :
Best objective bound
Construct solution objective

Construct solution # roundings : 0

User objective cut value : 0

Number of cuts generated : 117
Number of Gomory cuts : 108

Number of CMIR cuts 9
Number of branches 1 4425
Number of relaxations solved : 4410
Number of interior point iterations: 25
Number of simplex iteratioms 1 221131

The first lines contain a summary of the problem as seen by the optimizer. This is followed by the
iteration log. The columns have the following meaning;:

e BRANCHES: Number of branches generated.

e RELAXS: Number of relaxations solved.

e ACT_NDS: Number of active branch bound nodes.

e DEPTH: Depth of the recently solved node.

e BEST_INT_0BJ: The best integer objective value, Z.

e BEST_RELAX_0BJ: The best objective bound, z.

e REL_GAP(%): Relative optimality gap, 100% - €ye]

e TIME: Time (in seconds) from the start of optimization.

Following that a summary of the optimization process is printed.
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FUSION APl REFERENCE

e General API conventions.

o mosek.fusion classes
— Quick links: Model, Ezpr, Variable, Var, Domain, Matriz
— Full list

e Optimizer parameters:
— Double, Integer, String
— Full list
— Browse by topic

e Optimizer information items:
— Double, Integer, Long

e FEnumerations

e Constants

e Fxceptions

o Linear algebra utilities

14.1 Fusion APl conventions

14.1.1 General conventions

All the classes of the Fusion interface are contained in the package mosek.fusion. The user should not
directly instantiate objects of any class other than creating a Model.

M = Model()
M = Model( myModel)

The model is the main access point to an optimization problem and its solution. All other objects should
be created through the model (Model.variable, Model.constraint, etc.) or using static factory
methods (Matriz. sparse etc.).

Whenever a method expects a numeric or integer array, this can be either a Python list or a numpy
array of appropriate shape.
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14.2 Class list

Common

e Constraint: Abstract base class for Constraint objects.

e Domain: Base class for variable and constraint domains.

e Ezpr: Represents a linear expression and provides linear operators.

e Fzpression: Abstract base class for all objects which can be used as linear expressions.
e Matriz: Base class for all matrix objects.

e Model: The object containing all data related to a single optimization model.

e Set: Base class shape specification objects.

e Var: Provides basic operations on variable objects.

e Variable: Abstract base class for Variable objects.

Infrequent

e BaseSet: Base class for 1-dimensional sets.
e Baselariable: Abstract base class for Variable objects with default implementations.

e BoundInterfaceConstraint: Interface to either the upper bound or the lower bound of a ranged
constraint.

e BoundInterfaceVariable: Interface to either the upper bound or the lower bound of a ranged
variable.

e CompoundConstraint: Stacking of contraints.

e CompoundVariable: A stack of several other variables.

e ConicConstraint: Represent a conic constraint.

e ConiclVariable: Represent a conic variable.

e FlatEzpr: A simple sparse representation of a linear expression.

e LinPSDDomain: Represent a linear PSD domain.

e LinearConstraint: An object representing a block of linear constraints of the same type.
e LinearDomain: Represent a domain defined by linear constraints

e LinearPSDConstraint: Represents a semidefinite conic constraint.

e LinearPSDVariable: This class represents a positive semidefinite variable.

e LinearVariable: An object representing a block of linear variables of the same type.
e ModelConstraint: Represent a block of constraints.

e ModelVartable: Represent a block of variables.

e l/DSparsedrray: Representation of a sparse n-dimensional array.

e PSDConstraint: Represents a semidefinite conic constraint.

e PSDDomain: Represent the domain od PSD matrices.

e PSDVariable: This class represents a positive semidefinite variable.

e PickVariable: Represents an set of variable entries

e (JConeDomain: A domain representing the Lorentz cone.
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e RangeDomain: The range domain represents a ranged subset of the euclidian space.

e RangedConstraint: Defines a ranged constraint.

e RangedlVariable: Defines a ranged variable.

e RepeatlVariable: This class represents a variable repeating another variable.

e SliceConstraint: An alias for a subset of constraints from a single ModelConstraint.
e SlicelVariable: An alias for a subset of variables from a single model variable.

e SymLinearVariable: An object representing a block of linear variables of the same type.
e SymRangedVariable: Defines a symmetric ranged variable.

e SymmetricEzpr: An object representing a symmetric expression.

e SymmetricLinearDomain: Represent a linear domain with symmetry.

o SymmetricRangeDomain: Represent a ranged domain with symmetry.

e SymmetricVariable: An object representing a symmetric variable.

14.2.1 Class BaseSet

mosek.fusion.BaseSet
Base class for 1-dimensional sets.

Implements Set

Members BaseSet.dim — Return the size of the requested dimension.
Set.compare — Compare two sets.
Set.getSize — Total number of elements in the set.
Set.getname — Return a string representing the item identified by the key.
Set.idztokey — Convert a linear index to a N-dimensional key.

Set.realnd — Number of dimensions of more than 1 element, or 1 if the number of
significant dimensions is 0.

Set.slice — Create a set object representing a slice of this set.
Set.stride — Return the stride size in the given dimension.
Set.toString — Return a string representation of the set.

BaseSet.dim

dim(int i) -> int

Return the size of the requested dimension.
Parameters i (int) — Dimension index.

Return (int)

14.2.2 Class BaseVariable

mosek.fusion.BaseVariable
An abstract variable object. This is class provides various default implementations of methods in
Variable.
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Members Baselariable.antidiag — Return the antidiagonal of a square variable ma-
trix.

BaseVariable.asEzpr — Create an expression corresponding to the variable object.
BaselVariable.diag — Return the diagonal of a square variable matrix.
BaselVariable.dual — Get the dual solution value of the variable.
BaseVariable.getModel — Return the model to which the variable belongs.
Baselariable.getShape — Return the shape of the variable.

BaselVariable.indez — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.

BaselVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaseVariable.makeInteger — Apply integrality constraints on the variable.

BaseVariable.pick — Create a slice variable by picking a list of indexes from this
variable.

BaseVariable.setLevel — Input solution values for this variable
Baselariable.shape — Return the shape of the variable.
BaseVariable.size — Get the number of elements in the variable.

Baselariable.slice — Create a slice variable by picking a range of indexes for each
variable dimension

BaseVariable.toString — Create a string representation of the variable.
BaselVariable. transpose — Transpose a vector or matrix variable

Implemented by CompoundVariable, PickVartable, RepeatVariable,
ModelVariable, SlicelVariable

BaseVariable.antidiag

antidiag() -> Variable
antidiag(int index) -> Variable

Return the antidiagonal of a square variable matrix.
Parameters index (int) — Index of the anti-diagonal
Return (Variable)

BaseVariable.asExpr

asExpr() -> Expression

Create an Ezpression object corresponding to I -V, where I is the identity matrix and V is this
variable.

Return (Ezpression)

BaseVariable.diag

diag() -> Variable
diag(int index) -> Variable

Return the diagonal of a square variable matrix.
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Parameters index (int) — Index of the anti-diagonal
Return (Variable)

BaseVariable.dual

dual() -> float[]

Get the dual solution value of the variable as an array. When the selected slice is multi-dimensional,
this corresponds to the flattened slice of solution values.

Return (floatl])

BaseVariable.getModel

getModel() -> Model

Return the model to which the variable belongs.
Return (Model)

BaseVariable.getShape

getShape() -> Set

Return the shape of the variable.
Return (Set)

BaseVariable.index

index(int index) -> Variable

index(int[] index) -> Variable

index(int i0, int il) -> Variable
index(int i0, int i1, int i2) -> Variable

Return a variable slice of size 1 corresponding to a single element in the variable object..

Parameters

e index (int)

e index (int]])

e i0 (int) — Index in the first dimension of the element requested.

e il (int) — Index in the second dimension of the element requested.

e i2 (int) — Index in the second dimension of the element requested.
Return (Variable)

BaseVariable.level

level() -> float[]

Get the primal solution value of the variable as an array. When the selected slice is multi-
dimensional, this corresponds to the flattened slice of solution values.

Return (floatl])

BaseVariable.makeContinuous

14.2. Class list 117



MOSEK Fusion API for Python, Release 8.1.0.52

makeContinuous ()

Drop integrality constraints on the variable, if any.

BaseVariable.makeInteger

makeInteger ()

Apply integrality constraints on the variable.

BaseVariable.pick

pick(int[] idxs) -> Variable

pick(int[]1[] midxs) -> Variable

pick(int[] 10, int[] i1) -> Variable
pick(int[] 10, int[] i1, int[] i2) -> Variable

Create a slice variable by picking a list of indexes from this variable.
Parameters
e idxs (int|]) — Indexes of the elements requested.
e midxs (intl][]) — Matrix of indexes of the elements requested.
e i0 (int[])
e il (int[]) — Index along the first dimension.
e i2 (int[]) — Index along the second dimension.
Return (Variable)

BaseVariable.setLevel

setLevel (float[] v)

Set values for an initial solution for this variable. Note that these values are buffered until the
solver is called; they are not available through the level () methods.

Parameters v (float[]) — An array of values to be assigned to the variable.

BaseVariable.shape

shape() -> Set

Return the shape of the variable.
Return (Set)

BaseVariable.size

size() -> int

Get the number of elements in the variable.
Return (int)

BaseVariable.slice
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slice(int first, int last) -> Variable
slice(int[] first, int[] last) -> Variable

Create a slice variable by picking a range of indexes for each variable dimension
Parameters
e first (int) — The index of the first element(s) of the slice.
e first (int[]) — The index of the first element(s) of the slice.
e last (int) — The index after the last element of the slice.
e last (intl])
Return (Variable)

BaseVariable.toString

toString() -> str

Create a string representation of the variable.
Return (str)

BaseVariable.transpose

transpose() -> Variable

Note that this requires a one- or two-dimensional variable.

Return (Variable)

14.2.3 Class BoundInterfaceConstraint
mosek.fusion.BoundInterfaceConstraint
Interface to either the upper bound or the lower bound of a ranged constraint.

This class is never explicitly instantiated; is is created by a RangedConstraint to allow accessing a
bound value and the dual variable value corresponding to the relevant bound as a separate object.
The constraint

b < aTz < by,
has two bounds and two dual variables; these are not immediately available through the
RangedConstraint object, but can be accessed through a BoundInterfaceConstraint.
Implements SliceConstraint
Members Constraint.add — Add an expression to the constraint expression.
Constraint.dual — Get the dual solution values of the constraint.
Constraint.get_model — Get the model to which the constraint belongs.
Constraint.get_nd — Get the number of dimensions of the constraint.
Constraint.indez — Get a single element from a constraint.
Constraint.level — Get the primal solution values of the constraint.
Constraint.shape — Return the constraint’s shape.

Constraint.toString — Create a human readable string representation of the con-
straint.
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SliceConstraint.size — Get the total number of elements in the constraint.

SliceConstraint.slice — Create a slice constraint.

14.2.4 Class BoundInterfaceVariable

mosek.fusion.BoundInterfaceVariable

Interface to either the upper bound or the lower bound of a ranged variable.

This class is never explicitly instantiated; is is created by a RangedVariable to allow accessing a
bound value and the dual variable value corresponding to the relevant bound as a separate object.
The variable

by <x < by
has two bounds and two dual variables; these are not immediately available through the
RangedVariable object, but can be accessed through a BoundInterfaceVartable.
Implements SlicelVariable

Members BaseVariable.antidiag — Return the antidiagonal of a square variable ma-
trix.

BaseVariable.asEzpr — Create an expression corresponding to the variable object.
BaselVariable.diag — Return the diagonal of a square variable matrix.
BaseVariable.dual — Get the dual solution value of the variable.
BaselVariable.getModel — Return the model to which the variable belongs.
BaseVariable. getShape — Return the shape of the variable.

BaseVariable.indez — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.

BaseVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaseVariable.makeInteger — Apply integrality constraints on the variable.

BaseVariable.pick — Create a slice variable by picking a list of indexes from this
variable.

BaseVariable.setLevel — Input solution values for this variable
BaseVariable.shape — Return the shape of the variable.
BaseVariable.size — Get the number of elements in the variable.
BaseVariable. toString — Create a string representation of the variable.
Baselariable. transpose — Transpose a vector or matrix variable

Slicelariable.slice — Create a slice variable by picking a range of indexes for
each variable dimension

14.2.5 Class CompoundConstraint

mosek.fusion.CompoundConstraint

Stacking of constraints.

A CompoundConstraint represents a stack or other variable objects and can be used as a 1-
dimensional variable. The class is never explicitly instantiated, but is created using Constraint.
stack.
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As this class is derived from Variable, it may be used as a normal variable when creating expres-

sions.

Implements Constraint

Members CompoundConstraint.slice — Unimplemented method!.

Constraint
Constraint
Constraint

Constraint

Constraint.
Constraint.
Constraint.
Constraint.

Constraint.

straint.

.add — Add an expression to the constraint expression.
.dual — Get the dual solution values of the constraint.
.get_model — Get the model to which the constraint belongs.

.get_nd — Get the number of dimensions of the constraint.

indez — Get a single element from a constraint.

level — Get the primal solution values of the constraint.
shape — Return the constraint’s shape.

size — Get the total number of elements in the constraint.

toString — Create a human readable string representation of the con-

CompoundConstraint.slice

slice(int first, int last) -> Constraint
slice(int[] firsta, int[] lasta) -> Constraint

Unimplemented method!.

Parameters

e first (int) — Index of the first element in the slice.

last (int) — Index if the last element in the slice.
firsta (int[]) — Array of start elements in the slice.

lasta (int[]) — Array of end element in the slice.

Return (Constraint)

14.2.6 Class CompoundVariable

mosek.fusion.CompoundVariable
A stack of several other variables.

A compound variable represents a stack og other variable objects and can be used as a 1-dimensional
variable. The class is never explicitly instantiated, but is created using Var.stack.

Implements BaselVariable

Members BaselVariable.antidiag — Return the antidiagonal of a square variable ma-

trix.

BaselVariable.diag — Return the diagonal of a square variable matrix.

BaseVariable.dual — Get the dual solution value of the variable.

Baselariable.getModel — Return the model to which the variable belongs.

BaseVariable. getShape — Return the shape of the variable.

BaseVariable.indez — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.
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BaseVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaseVariable.makeInteger — Apply integrality constraints on the variable.

BaselVariable.pick — Create a slice variable by picking a list of indexes from this
variable.

BaseVariable.setLevel — Input solution values for this variable
BaseVariable.shape — Return the shape of the variable.
BaselVariable.size — Get the number of elements in the variable.
BaselVariable. toString — Create a string representation of the variable.
BaselVariable. transpose — Transpose a vector or matrix variable

CompoundVariable.asEzpr — Create an expression corresponding to the variable
object.

CompoundVariable.slice — Create a slice variable by picking a range of indexes for
each variable dimension

CompoundVariable.asExpr

asExpr() -> Expression

Create an Ezpression object corresponding to I -V, where I is the identity matrix and V' is this
variable.

Return (Ezpression)

CompoundVariable.slice

slice(int first, int last) -> Variable
slice(int[] first, int[] last) -> Variable

Create a slice variable by picking a range of indexes for each variable dimension

Parameters
e first (int) — The index of the first element(s) of the slice.
e first (int[]) — The index of the first element(s) of the slice.
e last (int) — The index after the last element of the slice.
e last (intl])

Return (Variable)

14.2.7 Class ConicConstraint

mosek.fusion.ConicConstraint
This class represents a conic constraint of the form

Ar—bek
where /C is either a quadratic cone or a rotated quadratic cone. Then class is never explicitly

instantiated, but is created using Model. constraint by specifying a conic domain.

Note that a conic constraint in Fusion is always dense in the sense that all member constraints are
created in the underlying optimization problem immediately.

Implements ModelConstraint
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Members ConicConstraint.toString — Create a human readable string representa-
tion of the constraint.

Constraint.add — Add an expression to the constraint expression.
Constraint.dual — Get the dual solution values of the constraint.
Constraint.get_model — Get the model to which the constraint belongs.
Constraint.get_nd — Get the number of dimensions of the constraint.
Constraint.indexr — Get a single element from a constraint.
Constraint. level — Get the primal solution values of the constraint.
Constraint.shape — Return the constraint’s shape.

Constraint.size — Get the total number of elements in the constraint.
ModelConstraint.slice — Create a slice constraint.

ConicConstraint.toString

toString() -> str

Create a human readable string representation of the constraint.

Return (str)

14.2.8 Class ConicVariable

mosek.fusion.ConicVariable
This class represents a conic variable of the form

Ar—be Kk
where K is either a quadratic cone or a rotated quadratic cone. Then class is never explicitly

instantiated, but is created using Model.variable by specifying a conic domain.

Note that a conic variable in Fusion is always dense in the sense that all member variables are
created in the underlying optimization problem immediately.

Implements ModelVariable

Members BaselVariable.antidiag — Return the antidiagonal of a square variable ma-
trix.

BaseVariable.asEzpr — Create an expression corresponding to the variable object.
BaselVariable.diag — Return the diagonal of a square variable matrix.
BaseVariable.dual — Get the dual solution value of the variable.
Baselariable.getModel — Return the model to which the variable belongs.
BaseVariable. getShape — Return the shape of the variable.

Baselariable.indez — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.

BaseVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaselVariable.makeInteger — Apply integrality constraints on the variable.

Baselariable.pick — Create a slice variable by picking a list of indexes from this
variable.
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BaseVariable.setLevel — Input solution values for this variable
BaseVariable.shape — Return the shape of the variable.
BaseVariable.size — Get the number of elements in the variable.
BaseVariable. transpose — Transpose a vector or matrix variable
ConiclVartable. toString — Create a string representation of the variable.

ModelVariable.slice — Create a slice variable by picking a range of indexes for
each variable dimension

ConicVariable.toString

toString() -> str

Create a string representation of the variable.

Return (str)

14.2.9 Class Constraint

mosek.fusion.Constraint

An abstract constraint object. This is the base class for all constraint types in Fusion.

The Constraint object can be an interface to the mnormal model constraint, e.g.
LinearConstraint and ConicConstraint, to slices of other constraints or to concatenations of
other constraints.

Primal and dual solution values can be accessed through the Constraint object.
Members Constraint.add — Add an expression to the constraint expression.

Constraint.dual — Get the dual solution values of the constraint.
Constraint.get_model — Get the model to which the constraint belongs.
Constraint.get_nd — Get the number of dimensions of the constraint.
Constraint.indez — Get a single element from a constraint.
Constraint.level — Get the primal solution values of the constraint.
Constraint.shape — Return the constraint’s shape.
Constraint.size — Get the total number of elements in the constraint.
Constraint.slice — Create a slice constraint.

Constraint.toString — Create a human readable string representation of the con-
straint.

Static members Constraint.stack — Stack a number of constraints.

Implemented by ModelConstraint, SliceConstraint, CompoundConstraint

Constraint.add

add (Expression expr) -> Constraint
add(Variable v) -> Constraint
add(float[] cs) -> Constraint
add(float c) -> Constraint

Add an expression to the constraint expression. The added expression must have the same size
and shape as the constraint.

Parameters
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e expr (Ezpression) — An expression to add.
e v (Variable) — A variable to add.
e cs (float|]) — An array of constants to add.
e ¢ (float) — A constant to add.

Return (Constraint)

Constraint.dual

dual() -> float[]
dual (int firstidx, int lastidx) -> float[]
dual (int[] firstidxa, int[] lastidxa) -> float[]

Get the dual solution values of the constraint or its slice. When the selected slice is multi-
dimensional, this corresponds to the flattened slice of solution values.

Parameters
e firstidx (int) — The index of the first element in the slice.
e lastidx (int) — The index of the last element of the slice plus one.
e firstidxa (int[|) — Multi-dimensional index of the first element in the slice.

e lastidxa (int[]) — Multi-dimensional index of the element after the end of the
slice.

Return (float[])

Constraint.get_model

get_model() -> Model

Get the model to which the constraint belongs.
Return (Model)

Constraint.get_nd

get_nd() -> int

Get the number of dimensions of the constraint.
Return (int)

Constraint.index

index(int idx) -> Constraint
index(int[] idxa) -> Constraint

Get a single element from a one-dimensional constraint.
Parameters
e idx (int) — The index of the element.
e idxa (int[]) — A multi-dimensional index of the element.
Return (Constraint)

Constraint.level
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level() -> float[]

Get the primal solution values of the constraint. This amounts to evaluating the Az part of the
constraint expression for the relevant solution value. When the selected slice is multi-dimensional,
this corresponds to the flattened slice of solution values.

Return (float|])

Constraint.shape

shape() -> Set

Return the constraint’s shape.
Return (Set)

Constraint.size

size() -> int

Get the total number of elements in the constraint.
Return (int)

Constraint.slice

slice(int first, int last) -> Constraint
slice(int[] firsta, int[] lasta) -> Constraint

Create a slice constraint.
Parameters
e first (int) — Index of the first element in the slice.
e last (int) — Index of the first element after the end of the slice.
e firsta (int[]) — The indexes of first elements in the slice along each dimension.

e lasta (int|]) — The indexes of first elements after the end of the slice along each
dimension.

Return (Constraint)

Constraint.stack

Constraint.stack(Constraint vi, Constraint v2) -> Constraint
Constraint.stack(Constraint v1l, Constraint v2, Constraint v3) -> Constraint
Constraint.stack(Constraint[] clist) -> Constraint

Stack a number of constraints.
Parameters
e vl (Constraint) — The first constraint in the stack.
e v2 (Constraint) — The second constraint in the stack.
e v3 (Constraint) — The third constraint in the stack.
e clist (Constraint|]) — The constraints in the stack.

Return (Constraint)
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Constraint.toString

toString() -> str

Create a human readable string representation of the constraint.

Return (str)

14.2.10 Class Domain

mosek.fusion.Domain

The Domain class defines a set of static method for creating various variable and constraint domains.
A Domain object specifies a subset of R™, which can be used to define the feasible domain of variables

and expressions.

For further details on the use of these, see Model.variable and Model.constraint.

Static members Domain.azis — Set the dimension along which the cones are created.

Domain.

Domain.

binary — Creates a domain of binary variables.

equalsTo — Defines the domain consisting of a fixed point.

Domain. greaterThan — Defines the domain specified by a lower bound in each di-

mension.
Domain.
Domain.
Domain.
Domain.
Domain.
Domain.
Domain.

Domain.

sion.

Domain.
Domain.

Domain.

Domain.axis

inPSDCone — Creates a domain of Positive Semidefinite matrices.
infCone — Defines the domain of quadratic cones.

inRange — Creates a domain specified by a range in each dimension.
inRotatedlCone — Defines the domain of rotated quadratic cones.
integral — Creates a domain of integral variables.

1sLinPSD — Creates a domain of Positive Semidefinite matrices.
1sTrilPSD — Creates a domain of Positive Semidefinite matrices.

lessThan — Defines the domain specified by an upper bound in each dimen-

sparse — Ask to use a sparse representation.
symmetric — Impose symmetry on a given linear domain.

unbounded — Creates a domain in which variables are unbounded.

Domain.axis(QConeDomain c, int a) -> QConeDomain

Set the dimension along which the cones are created. If this conic quadratic domain is used for
a variable or expression of dimension d, then the conic constraint will be applicable to all vectors
obtained by fixing the coordinates other than a-th and moving along the a-th coordinate. If d = 2
this can be used to define the conditions “every row of the matrix is in a cone” and “every column
of a matrix is in a cone”.

The default is the last dimension ¢ = d — 1.

Parameters

e c (fConeDomain) — A domain of quadratic cones.

e a (int) — The axis.
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Return (§ConeDomain)

Domain.binary

Domain
Domain
Domain
Domain

.binary(int n) -> RangeDomain
.binary(int m, int n) -> RangeDomain
.binary(int[] dims) -> RangeDomain
.binary() -> RangeDomain

Create

a domain of binary variables.

Parameters

e n (int) — Dimension size.
e m (int) — Dimension size.

e dims (int[]) — A list of dimension sizes.

Return (RangeDomain)

Domain.equalsTo

Domain
Domain
Domain

Domain

Domain.

Domain.
Domain.

Domain.

equalsTo(float b) -> LinearDomain
.equalsTo(float b, int n) -> LinearDomain
.equalsTo(float b, int m, int n) -> LinearDomain
.equalsTo(float b, int[] dims) -> LinearDomain
equalsTo(float[] al) -> LinearDomain
equalsTo(float[][] a2) -> LinearDomain
.equalsTo(float[] al, int[] dims) -> LinearDomain
equalsTo(Matrix mx) -> LinearDomain

Defines the domain consisting of a fixed point.

Parameters

e b (float) — A single value. This is scalable: it means that each element in the
variable or constraint is fixed to b.

n (int) — Dimension size.

m (int) — Dimension size.
e dims (int[]) — A list of dimension sizes.

e al (float[]) — A one-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e a2 (floatl][]) — A two-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e mx (Matriz) — A matrix of bound values. The shape must match the variable or
constraint with which it is used.

Return (LinearDomain)

Domain.greaterThan

Domain

Domain.
Domain.
Domain.
Domain.

Domain.
Domain.
Domain.

greaterThan(float b) -> LinearDomain
greaterThan(float b, int n) -> LinearDomain
greaterThan(float b, int m, int n) -> LinearDomain
greaterThan(float b, int[] dims) -> LinearDomain
.greaterThan(float[] al) -> LinearDomain
greaterThan(float[][] a2) -> LinearDomain
greaterThan(float[] al, int[] dims) -> LinearDomain
greaterThan(Matrix mx) -> LinearDomain
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Defines the domain specified by a lower bound in each dimension.
Parameters

e b (float) — A single value. This is scalable: it means that each element in the
variable or constraint is greater than or equal to b.

e 1 (int) — Dimension size.
e m (int) — Dimension size.
e dims (int[]) — A list of dimension sizes.

e al (float[|) — A one-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e a2 (float[|[]) - A two-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e mx (Matriz) — A matrix of bound values. The shape must match the variable or
constraint with which it is used.

Return (LinearDomain)

Domain.inPSDCone

Domain.inPSDCone() -> PSDDomain
Domain.inPSDCone (int n) -> PSDDomain
Domain.inPSDCone(int n, int m) -> PSDDomain

Creates an object representing a cone of the form
nxn . 1 T n
XeR .§(X+X)GSJr .
i.e. a positive semidefinite matrix. The shape of the result is n x n. If m was given the domain is

a product of m such cones, that is of shape n x n x m.

When used to create a new variable in Yodel.variable it additionally imposes symmetry, so the
new variable is symmetric positive semidefinite.

Parameters
e 1 (int) — Dimension of the PSD matrix.
e m (int) — Number of matrices (default 1).
Return (PSDDomain)

Domain.inQCone

Domain.inQCone() -> QConeDomain
Domain.inQCone(int n) -> QConeDomain
Domain.inQCone(int m, int n) -> QConeDomain
Domain.inQCone(int[] dims) -> QConeDomain

Defines the domain of quadratic cones:
n
{mGR" : xfzzxf, xlz()}
i=2

The conic domain scales as follows. If a variable or expression constrained to a quadratic cone is
not a single vector but a d-dimensional variable then the conic domain is applicable to all vectors
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obtained by fixing the first d — 1 coordinates and moving along the last coordinate. If d = 2 it
means that each row of a matrix must belong to a cone. See also Domain.azis.

If m was given the domain is a product of m such cones.
Parameters
e n (int) — The size of each cone; at least 2.
e m (int) — The number of cones (default 1).
e dims (int[]) — Shape of the domain.
Return ({ConeDomain)

Domain.inRange

Domain.inRange(float 1b, float ub) -> RangeDomain
Domain.inRange(float 1b, float[] uba) -> RangeDomain
Domain.inRange(float[] 1lba, float ub) -> RangeDomain
Domain.inRange(float[] 1ba, float[] uba) -> RangeDomain
Domain.inRange(float 1b, Matrix ubm) -> RangeDomain
Domain.inRange(Matrix lbm, float ub) -> RangeDomain
Domain.inRange(Matrix lbm, Matrix ubm) -> RangeDomain

Creates a domain specified by a range in each dimension.
Parameters

e 1b (float) — The lower bound as a common scalar value.
e ub (float) — The upper bound as a common scalar value.
e uba (float[]) — The upper bounds as an array.
e 1ba (float||) — The lower bounds as an array.
e ubm (Yatriz) — The upper bounds as a Matriz object.

e 1bm (Yatriz) — The lower bounds as a Matriz object.

Return (RangeDomain)

Domain.inRotatedQCone

Domain.inRotatedQCone() -> QConeDomain
Domain.inRotatedQCone(int n) -> QConeDomain
Domain.inRotatedQCone(int m, int n) -> QConeDomain
Domain.inRotatedQCone(int[] dims) -> QConeDomain

Defines the domain of rotated quadratic cones:

n
{m e R" : 2w129 > me, T1, Ty > 0}

=3

The conic domain scales as follows. If a variable or expression constrained to a quadratic cone is
not a single vector but a d-dimensional variable then the conic domain is applicable to all vectors
obtained by fixing the first d — 1 coordinates and moving along the last coordinate. If d = 2 it
means that each row of a matrix must belong to a cone. See also Domain.azis.

If m was given the domain is a product of m such cones.
Parameters
e n (int) — The size of each cone; at least 3.

e m (int) — The number of cones (default 1).
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e dims (int[]) — Shape of the domain.
Return (§ConeDomain)

Domain.integral

Domain.integral (QConeDomain c) -> QConeDomain
Domain.integral(LinearDomain 1d) -> LinearDomain
Domain.integral (RangeDomain rd) -> RangeDomain

Modify a given domain restricting its elements to be integral.
Parameters
e c (fConeDomain) — A conic quadratic domain.
e 1d (LinearDomain) — A linear domain.
e rd (RangeDomain) — A ranged domain.
Return
e (gConeDomain)
e (LinearDomain)
e (RangeDomain)

Domain.isLinPSD

Domain.isLinPSD() -> LinPSDDomain
Domain.isLinPSD(int n) -> LinPSDDomain
Domain.isLinPSD(int n, int m) -> LinPSDDomain

Creates an domain of vectors of length 2n(n + 1) which are the flattenings of the lower-triangular

part of a symmetric positive-semidefinite matrix X. The shape of the result is %n(n +1). If m was

given the domain is a product of m such domains, that is of shape %n(n + )m.
Parameters
e n (int) — Dimension of the PSD matrix.
e m (int) — Number of matrices (default 1).
Return (LinPSDDomain)

Domain.isTrilPSD

Domain.isTrilPSD() -> PSDDomain
Domain.isTrilPSD(int n) -> PSDDomain
Domain.isTrilPSD(int n, int m) -> PSDDomain

Creates an object representing a cone of the form
{X eR™" : tril(X) € S}}.

i.e. the lower triangular part of X defines the symmetric matrix that is positive semidefinite. The
shape of the result is n X n. If m was given the domain is a product of m such cones, that is of
shape n x n x m.

Parameters
e 1 (int) — Dimension of the PSD matrix.
e m (int) — Number of matrices (default 1).

Return (PSDDomain)
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Domain.lessThan

Domain.lessThan(float b) -> LinearDomain
Domain.lessThan(float b, int n) -> LinearDomain
Domain.lessThan(float b, int m, int n) -> LinearDomain
Domain.lessThan(float b, int[] dims) -> LinearDomain
Domain.lessThan(float[] al) -> LinearDomain
Domain.lessThan(float[][] a2) -> LinearDomain
Domain.lessThan(float[] al, int[] dims) -> LinearDomain
Domain.lessThan(Matrix mx) -> LinearDomain

Defines the domain specified by an upper bound in each dimension.
Parameters

e b (float) — A single value. This is scalable: it means that each element in the
variable or constraint is less than or equal to b.

e n (int) — Dimension size.
e m (int) — Dimension size.
e dims (int[]) — A list of dimension sizes.

e al (float[]) — A one-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e a2 (float||[]) — A two-dimensional array of bounds. The shape must match the
variable or constraint with which it is used.

e mx (Matriz) — A matrix of bound values. The shape must match the variable or
constraint with which it is used.

Return (LinearDomain)

Domain.sparse

Domain.sparse(LinearDomain 1d) -> LinearDomain
Domain.sparse (RangeDomain rd) -> RangeDomain

Given a linear domain, this method explicitly suggest to Fusion that a sparse representation is

helpful.
Parameters
e 1d (LinearDomain) — The putative linear sparse domain.
e rd (RangeDomain) — The putative ranged sparse domain.
Return

e (LinearDomain)
e (RangeDomain)

Domain.symmetric

Domain.symmetric(LinearDomain 1d) -> SymmetricLinearDomain
Domain.symmetric (RangeDomain rd) -> SymmetricRangeDomain

Given a linear domain D whose shape is that of square matrices, this method returns a domain
consisting of symmetric matrices in D.

Parameters

e 1d (LinearDomain) — The linear domain to be symmetrized.
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e rd (RangeDomain) — The ranged domain to be symmetrized.
Return

e (SymmetricLinearDomain)

o (SymmetricRangeDomain)

Domain.unbounded

Domain.unbounded() -> LinearDomain
Domain.unbounded(int n) -> LinearDomain
Domain.unbounded(int m, int n) -> LinearDomain
Domain.unbounded(int[] dims) -> LinearDomain

Creates a domain in which variables are unbounded.
Parameters
e n (int) — Dimension size.
e m (int) — Dimension size.
e dims (int[]) — A list of dimension sizes.

Return (LinearDomain)

14.2.11 Class Expr

mosek.fusion.Expr
It represents an expression of the form Az + b, where A is a matrix on sparse form, z is a variable
vector and b is a vector of scalars.

Additionally, the class defines a set of static methods for constructing and manipulating various
expressions.

Members Ezpr.eval — Evaluate the expression info to a simple array-based form.
Ezpr.getModel — Return the model to which the expression belongs
Expr.getShape — Return the shape of the expression
Ezpr.indez — Return a specific term of the expression.

Ezpr.numlonzeros — Return the number of non-zero elements in the expression.
Ezpr.pick — Pick elements from this expression.

Ezpr.shape — Get the shape of the expression.

Ezpr.size — Return the expression size.

Ezpr.slice — Return a slice of the expression.

Ezpr.toString — Create a human readable string representation of the expression.
Ezpr.transpose — Transpose the expression.

Static members Ezpr.add — Compute the sum of expressions.

Ezpr.constTerm — Create an expression consisting of a constant vector of values.

Ezpr.dot — Return a scalar expression object representing the dot-product of two
items.

Ezpr. flatten — Reshape the expression into a vector.

Ezpr.hstack — Stack a list of expressions horizontally (i.e. along the second dimen-
sion).
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Expr.

add

Ezpr.mul — Multiply two items.

Ezpr.mulDiag — Compute the diagonal of the product of two matrices.

Ezpr.mulElm — Element-wise product of two items.
Ezpr.neg — Change the sign of an expression
Ezpr.ones — Create a vector of ones as an expression.

Ezpr.outer — Return the outer-product of two vectors.

Ezpr.repeat — Repeat an expression a number of times in the given dimension.

Ezpr.reshape — Reshape the expression into a different shape with the same number

of elements.

Ezpr.stack — Stack a list of expressions in an arbitrary dimension.

Ezpr.sub — Compute the difference of two expressions.

Ezpr.sum — Sum the elements of an expression.

Ezpr.vstack — Stack a list of expressions vertically (i.e. along the first dimension).

Ezpr.zeros — Create a vector of zeros as an expression.

Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
.add(float[] al, Variable v2) -> Expression

Expr

Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
.add (NDSparseArray n, Variable v2) -> Expression

Expr

Expr.
Expr.

add (Expression el, Expression e2) -> Expression
add(Expression el, Variable v2) -> Expression
add(Variable v1, Expression e2) -> Expression

add (Expression el, float[] al) -> Expression

add (Expression el, float[][] a2) -> Expression
add(float[] al, Expression e2) -> Expression
add(float[][] a2, Expression e2) -> Expression
add (Expression el, float c) -> Expression
add(float c, Expression e2) -> Expression

add (Expression el, Matrix m) -> Expression
add(Matrix m, Expression e2) -> Expression

add (Expression el, NDSparseArray n) -> Expression
add (NDSparseArray n, Expression e2) -> Expression
add(Variable v1, Variable v2) -> Expression
add(Variable v1, float[] al) -> Expression
add(Variable v1, float[][] a2) -> Expression

add(float[][] a2, Variable v2) -> Expression
add(Variable v1, float c) -> Expression
add(float c, Variable v2) -> Expression
add(Variable v1, Matrix m) -> Expression
add(Matrix m, Variable v2) -> Expression
add(Variable v1, NDSparseArray n) -> Expression

add(Variable[] vs) -> Expression
add (Expression[] exps) -> Expression

Computes the sum of two or more expressions or variables. The following types of arguments are

allowed:
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A B
Variable Variable
Expression Expression
double
double[]
doublel,]
Matrix
NDSparseArray

By symmetry both add(A,B) and add(B,A) are available.

The arguments must have the same shapes and the returned expression also has that shape. If one
of the arguments is a single scalar, it is promoted to the shape that matches the shape of the other
argument, i.e. the scalar is added to all entries of the other argument.

Expr.constTerm

Parameters

el (Ezpression) — An expression.
e2 (Ezpression) — An expression.

v2 (Vartable) — A variable.

vl (Variable) — A variable.

al (float|]) — A one-dimensional array of constants.
a2 (floatl][]) — A two-dimensional array of constants.
¢ (float) — A constant.

m (Matriz) — A Matrix object.

n (VDSparseArray) — An NDSparseArray object.

vs (Variablel]) — A list of variables. All variables in the array must have the
same shape. The list must contain at least one element.

exps (Ezpression|]) — A list of expressions. All expressions in the array must
have the same shape. The list must contain at least one element.

Return (Ezpression)

Expr.
Expr.
Expr.
Expr.
Expr.
Expr.
Expr.

constTerm(float[] valsl) -> Expression
constTerm(float[][] vals2) -> Expression
constTerm(int size, float val) -> Expression
constTerm(Set shp, float val) -> Expression
constTerm(float val) -> Expression
constTerm(Matrix m) -> Expression
constTerm(NDSparseArray nda) -> Expression

Create an expression consisting of a constant vector of values.

Parameters

valsl (float[]) — A vector initializing the expression.

vals2 (float[][]) — A two-dimensional array initializing the expression.
size (int) — Length of the vector to be constructed.

val (float) — A scalar value to be repeated in all entries of the expression.
shp (Set) — Defines the shape of the expression.

m (Matriz) — A Matrix of values initializing the expression.
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e nda (NDSparsedrray) — An multi-dimensional sparse array initializing the ex-

pression.
Return (Ezpression)

Expr.dot

Expr.dot(Variable v, float[] al) -> Expression
Expr.dot(Variable v, float[][] a2) -> Expression
Expr.dot(Variable v, Matrix m) -> Expression
Expr.dot(Variable v, NDSparseArray spm) -> Expression
Expr.dot (Expression expr, NDSparseArray spm) -> Expression
Expr.dot (Expression expr, float[] al) -> Expression
Expr.dot (Expression expr, float[][] a2) -> Expression
Expr.dot (Expression expr, Matrix m) -> Expression
Expr.dot(float[] al, Expression expr) -> Expression
Expr.dot(float[] al, Variable v) -> Expression
Expr.dot(float[][] a2, Expression expr) -> Expression
Expr.dot(float[][] a2, Variable v) -> Expression

Expr.dot (NDSparseArray spm, Expression expr) -> Expression
Expr.dot (NDSparseArray spm, Variable v) -> Expression
Expr.dot (Matrix m, Variable v) -> Expression
Expr.dot(Matrix m, Expression expr) -> Expression

Return an object representing the inner product (dot product) z%y = Yo xiy; of two objects

x,y of size n.

Both arguments must have the same length when flattened. In particular, they can be two vectors

of the same length or two matrices of the same shape.
Parameters
o v (Variable) — A variable object.
e al (float|]) — A one-dimensional coefficient array.
e a2 (floatl|[]) — A two-dimensional coefficient array.

e m (Matriz) — A matrix object.

e spm (/DSparsedrray) — A multidimensional sparse array object.

e expr (Ezpression) — An expression object.
Return (Ezpression)

Expr.eval

eval() -> FlatExpr

Evaluate the expression info to a simple array-based form.
Return (FlatEzpr)

Expr.flatten

Expr.flatten(Expression e) -> Expression

Reshape the expression into a vector.
Parameters e (Ezpression)
Return (Ezpression)

Expr.getModel
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getModel() -> Model

Return the model to which the expression belongs
Return (Model)

Expr.getShape

getShape () -> Set

Return the shape of the expression
Return (Set)

Expr.hstack

Expr.hstack(Expression[] exprs) -> Expression

Expr.hstack(Expression el, Expression e2) -> Expression
Expr.hstack(Expression el, float a2) -> Expression
Expr.hstack(Expression el, Variable v2) -> Expression
Expr.hstack(float al, Variable v2) -> Expression

Expr.hstack(float al, Expression e2) -> Expression
Expr.hstack(Variable v1, float a2) -> Expression
Expr.hstack(Variable v1, Variable v2) -> Expression
Expr.hstack(Variable v1, Expression e2) -> Expression
Expr.hstack(float al, float a2, Variable v3) -> Expression
Expr.hstack(float al, float a2, Expression e3) -> Expression
Expr.hstack(float al, Variable v2, float a3) -> Expression
Expr.hstack(float al, Variable v2, Variable v3) -> Expression
Expr.hstack(float al, Variable v2, Expression e3) -> Expression
Expr.hstack(float al, Expression e2, float a3) -> Expression
Expr.hstack(float al, Expression e2, Variable v3) -> Expression
Expr.hstack(float al, Expression e2, Expression e3) -> Expression
Expr.hstack(Variable v1, float a2, float a3) -> Expression
Expr.hstack(Variable v1, float a2, Variable v3) -> Expression
Expr.hstack(Variable v1, float a2, Expression e3) -> Expression
Expr.hstack(Variable v1, Variable v2, float a3) -> Expression
Expr.hstack(Variable v1, Variable v2, Variable v3) -> Expression
Expr.hstack(Variable v1, Variable v2, Expression e3) -> Expression
Expr.hstack(Variable v1, Expression e2, float a3) -> Expression
Expr.hstack(Variable v1, Expression e2, Variable v3) -> Expression
Expr.hstack(Variable v1, Expression e2, Expression e3) -> Expression
Expr.hstack(Expression el, float a2, float a3) -> Expression
Expr.hstack(Expression el, float a2, Variable v3) -> Expression
Expr.hstack(Expression el, float a2, Expression e3) -> Expression
Expr.hstack(Expression el, Variable v2, float a3) -> Expression
Expr.hstack(Expression el, Variable v2, Variable v3) -> Expression
Expr.hstack(Expression el, Variable v2, Expression e3) -> Expression
Expr.hstack(Expression el, Expression e2, float a3) -> Expression
Expr.hstack(Expression el, Expression e2, Variable v3) -> Expression
Expr.hstack(Expression el, Expression e2, Expression e3) -> Expression

Stack a list of expressions horizontally (i.e. along the second dimension). The expressions must
have the same shape, except for the second dimension. The arguments may be any combination of
expressions, scalar constants and variables.

For example, if 2!, 22, 2% are three vectors of length n then their horizontal stack is the matrix

of shape (n,3).
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Expr.

Expr.

Parameters
e exprs (Ezpression[]) — A list of expressions.
e el (Ezpression) — An expression.
Ezpression) — An expression.
float) — A scalar constant.
Variable) — A variable.
e v1 (Variable) — A variable.
[ ]

Variable) — A variable.

2 (
a2 (
v2 (
e al (float) — A scalar constant.
(
v3 (
e e3(

Ezpression) — An expression.
e a3 (float) — A scalar constant.
Return (Ezpression)

index

index(int first) -> Expression
index(int[] firsta) -> Expression

Return a specific term of the expression.
Parameters
e first (int) — The index of the term in a one-dimensional expression.
e firsta (int[|) — The indices of the term in a multi-dimensional expression.
Return (Ezpression)

mul

Expr.mul (Matrix mx, Variable v) -> Expression
Expr.mul (Variable v, Matrix mx) -> Expression
Expr.mul (Variable v, float[] vals) -> Expression
Expr.mul(float[] vals, Variable v) -> Expression
Expr.mul (float val, Variable v) -> Expression
Expr.mul(Variable v, float val) -> Expression
Expr.mul (float[][] vals2, Variable v) -> Expression
Expr.mul (Variable v, float[][] vals2) -> Expression
Expr.mul (Expression expr, float val) -> Expression
Expr.mul (float val, Expression expr) -> Expression
Expr.mul (float[] vals, Expression expr) -> Expression
Expr.mul (Expression expr, float[] vals) -> Expression
Expr.mul (Expression expr, Matrix mx) -> Expression
Expr.mul (Matrix mx, Expression expr) -> Expression

Compute the product (in the sense of matrix multiplication or scalar-by-matrix multiplication) of
two arguments.

The operands must be at most two-dimensional. One of the arguments must be a constant, a
vector of constants or a matrix of constants. The other argument can be a variable or expression.
This allows to produce matrix expressions where the entries are linear combinations of variables.

The size and shape of the arguments must adhere to the rules of linear algebra.
Parameters

e mx (Matriz) — A matrix.
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v (Variable) — A variable.
e vals (float[]) — A vector of scalars.
e val (float) — A scalar value.
e vals2 (float|][]) — An array of scalars.
e expr (Ezpression) — An expression.
Return (Ezpression)

Expr.mulDiag

Expr.mulDiag(float[][] a, Expression expr) -> Expression
Expr.mulDiag(Expression expr, float[][] a) -> Expression
Expr.mulDiag(float[][] a, Variable v) -> Expression
Expr.mulDiag(Variable v, float[][] a) -> Expression

Expr .mulDiag(Matrix mx, Expression expr) -> Expression
Expr.mulDiag(Expression expr, Matrix mx) -> Expression
Expr.mulDiag(Matrix mx, Variable v) -> Expression
Expr.mulDiag(Variable v, Matrix mx) -> Expression

Compute the diagonal of the product of two matrices. If A € M(m,n) and B € M(n, p), the result

is a vector expression of length n equal to diag(AB).
Parameters
e a (float||[]) — A constant matrix.
e expr (Ezpression) — An expression object.
e v (Variable) — A variable object.
e mx (Matriz) — A matrix object.
Return (Ezpression)

Expr .mulElm

Expr .mulElm(Variable v, float[] al) -> Expression

Expr .mulElm(Variable v, float[][] a2) -> Expression

Expr .mulElm(Variable v, NDSparseArray spm) -> Expression
Expr.mulElm(Variable v, Matrix m) -> Expression

Expr .mulElm(Expression expr, NDSparseArray spm) -> Expression
Expr .mulElm(Expression expr, float[] al) -> Expression
Expr.mulElm(Expression expr, float[][] a2) -> Expression

Expr .mulElm(Expression expr, Matrix m) -> Expression

Expr .mulElm(float[] al, Expression expr) -> Expression

Expr .mulElm(float[] al, Variable v) -> Expression

Expr .mulElm(float[][] a2, Expression expr) -> Expression

Expr .mulElm(float[]J[] a2, Variable v) -> Expression

Expr .mulElm(NDSparseArray spm, Expression expr) -> Expression
Expr .mulElm(NDSparseArray spm, Variable v) -> Expression

Expr .mulElm(Matrix m, Variable v) -> Expression
Expr.mulElm(Matrix m, Expression expr) -> Expression

Returns the element-wise product of two items. The two operands must have the same shape and

the returned expression also has this shape.
Parameters
e v (Variable) — A variable object.
e al (float||) — A one-dimensional coefficient array.

e a2 (floatl][]) — A two-dimensional coefficient array.
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e spm (VDSparsedrray) — A multidimensional sparse array object.
e m (Matriz) — A matrix object.
e expr (Ezpression) — An expression object.

Return (Ezpression)

Expr.neg

Expr.neg(Expression e) -> Expression
Expr.neg(Variable v) -> Expression

Return a new expression object representing the given one with opposite sign.
Parameters
e ¢ (Ezpression) — An expression object.
e v (Variable) — A variable object.
Return (Ezpression)

Expr.numNonzeros

numNonzeros() -> int

Return the number of non-zero elements in the expression.
Return (int)

Expr.ones

Expr.ones(int num) -> Expression

Create a vector of ones as an expression.
Parameters num (int) — The size of the expression.
Return (Ezpression)

Expr.outer

Expr.outer(Variable v, float[] a) -> Expression
Expr.outer(float[] a, Variable v) -> Expression
Expr.outer(Variable v, Matrix m) -> Expression
Expr.outer(Matrix m, Variable v) -> Expression
Expr.outer (Expression e, float[] a) -> Expression
Expr.outer(float[] a, Expression e) -> Expression

Return an expression representing the outer product zy” of two vectors z,y. If z has length k and
y has length n then the result is of shape (k,n).

Parameters
e v (Variable) — A vector variable.
e a (float|]) — A vector of constants.
e m (Matriz) — A one-dimensional matrix.
e e (Ezpression) — A vector expression.

Return (Ezpression)
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Expr.pick

pick(int[] indexes) -> Expression
pick(int[][] indexrows) -> Expression

Creates a vector expression by picking elements from the current expression.

Parameters

e indexes (int[]) — A list of indices specifying positions in a one-dimensional
expression.

e indexrows (intl[][]) — A n X m array of integers where each row specifies an
m-dimensional index to pick from an m-dimensional expression.

Return (Ezpression)

Expr.repeat

Expr.repeat (Expression e, int n, int d) -> Expression

Repeat an expression a number of times in the given dimension. This is equivalent to stacking n

copies of the expression in dimension d; see Ezpr.stack.
Parameters
e e (Ezpression) — The expression to repeat.
e n (int) — Number of times to repeat. Must be strictly positive.

e d (int) — The dimension in which to repeat. Must define a valid dimension
index.

Return (Ezpression)

Expr.reshape

Expr.reshape (Expression e, Set shp) -> Expression
Expr.reshape (Expression e, int size) -> Expression
Expr.reshape(Expression e, int dimi, int dimj) -> Expression

Reshape the expression into a different shape with the same number of elements.
Parameters
e ¢ (Ezpression) — The expression to reshape.

e shp (Set) — The new shape of the expression; this must have the same total size
as the old shape.

e size (int) — Reshape into a one-dimensional expression of this size.
e dimi (int) — The first dimension size.
e dimj (int) — The second dimension size.

Return (Ezpression)

Expr.shape

shape() -> Set

Get the shape of the expression.

Return (Set)
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Expr.size

size() -> int

Return the expression size, i.e. the product of the lengths along each dimension.

Expr.slice

Return (int)

slice(int first, int last) -> Expression
slice(int[] firsta, int[] lasta) -> Expression

Return a slice of the expression.

Parameters

e first (int) — The index from which the slice begins.

e last (int) — The index after the last element of the slice.

e firsta (int[]) — The indices from which the slice of a multidimensional expres-
sion begins.

e lasta (int[]) — The indices after the last element of slice of a multidimensional
expression.

Expr.stack

Return (Ezpression)
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[1 exprs) -> Expression
el, Expression e2) -> Expression
el, float a2) -> Expression
el, Variable v2) -> Expression
Variable v2) -> Expression
Expression e2) -> Expression
1, float a2) -> Expression
1, Variable v2) -> Expression
1, Expression e2) -> Expression
float a2, Variable vl1) -> Expression
float a2, Expression el) -> Expression
Variable v2, float a3) -> Expression
Variable v2, Variable v3) -> Expression
Variable v2, Expression e3) -> Expression
Expression e2, float a3) -> Expression
Expression e2, Variable v3) -> Expression
Expression e2, Expression e3) -> Expression
1, float a2, float a3) -> Expression
1, float a2, Variable v3) -> Expression
1, float a2, Expression e3) -> Expression
1, Variable v2, float a3) -> Expression
1, Variable v2, Variable v3) -> Expression
1, Variable v2, Expression e3) -> Expression
1, Expression e2, float a3) -> Expression
1, Expression e2, Variable v3) -> Expression
1, Expression e2, Expression e3) -> Expression
el, float a2, float a3) -> Expression
el, float a2, Variable v3) -> Expression
el, float a2, Expression e3) -> Expression
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Expr.stack(int dim, Expression el, Expression e2, float a3) -> Expression
Expr.stack(int dim, Expression el, Expression e2, Variable v3) -> Expression
Expr.stack(int dim, Expression el, Expression e2, Expression e3) -> Expression
Expr.stack(Expression[] [] exprs) -> Expression

Expr.

Stack a list of expressions along an arbitrary dimension. All expressions must have the same shape,
except for dimension dim. The arguments may be any combination of expressions, scalar constants
and variables.

For example, suppose A, B are two n X m matrices. Then stacking them in the first dimension
produces a matrix of shape (2n,m):

A

B )

stacking them in the second dimension produces a matrix of shape (n,2m):
(4 B,

and stacking them in the third dimension produces a three-dimensional array of shape (n,m,2).

The version which takes a two-dimensional array of expressions constructs a block matrix with the
given expressions as blocks. The dimensions of the blocks must be suitably compatible.
Parameters

e dim (int) — The dimension in which to stack.

e exprs (Ezpression|]) — A list of expressions.

e exprs (Ezpression||[]) — A list of expressions.

e el (Ezpression) — An expression.

e e2 (Ezpression) — An expression.
a2 (float) — A scalar constant.
e v2 (Variable) — A variable.
e vl (Variable) — A variable.
e a3 (float) — A scalar constant.
3

(
(
(
e al (float) — A scalar constant.
(
(
o v3 (

Variable) — A variable.
e e3 (Ezpression) — An expression.
Return (Ezpression)

sub

Expr.sub(Expression el, Expression e2) -> Expression
Expr.sub(Expression el, Variable v2) -> Expression
Expr.sub(Variable v1, Expression e2) -> Expression
Expr.sub(Expression el, float[] al) -> Expression
Expr.sub(Expression el, float[]J[] a2) -> Expression
Expr.sub(float[] al, Expression e2) -> Expression
Expr.sub(float[][] a2, Expression e2) -> Expression
Expr.sub(Expression el, float c) -> Expression
Expr.sub(float c, Expression e2) -> Expression
Expr.sub(Expression el, Matrix m) -> Expression
Expr.sub(Matrix m, Expression e2) -> Expression
Expr.sub(Expression el, NDSparseArray n) -> Expression
Expr.sub(NDSparseArray n, Expression e2) -> Expression
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Expr.sub(Variable v1, Variable v2) -> Expression
Expr.sub(Variable v1, float[] al) -> Expression
Expr.sub(Variable v1, float[][] a2) -> Expression
Expr.sub(float[] al, Variable v2) -> Expression
Expr.sub(float[][] a2, Variable v2) -> Expression
Expr.sub(Variable v1, float c) -> Expression
Expr.sub(float c, Variable v2) -> Expression
Expr.sub(Variable v1, Matrix m) -> Expression
Expr.sub(Matrix m, Variable v2) -> Expression
Expr.sub(Variable v1, NDSparseArray n) -> Expression
Expr.sub(NDSparseArray n, Variable v2) -> Expression

Computes the difference of two expressions. The expressions must have the same shape and the
result will be also an expression of that shape. The allowed combinations of arguments are the
same as for Ezpr.add.

Parameters
e el (Ezpression) — An expression.
e e2 (Ezpression) — An expression.

e v2 (Variable) — A variable.

e vl (Variable) — A variable.

e al (float|]) — An array of constants.

e a2 (floatl|[]) — An array of constants.

e c (float) — A constant.

e m (Matriz) — A Matrix object.

e n (VDSparsedrray) — An NDSparseArray object.

Return (Ezpression)

Expr.sum

Expr.sum(Expression expr) -> Expression

Expr.sum(Variable v) -> Expression

Expr.sum(Variable v, int d) -> Expression

Expr.sum(Variable v, int dfirst, int dlast) -> Expression
Expr.sum(Expression expr, int d) -> Expression
Expr.sum(Expression expr, int dfirst, int dlast) -> Expression

Sum the elements of an expression. Without extra arguments, all elements are summed into a
scalar expression of size 1.

With arguments dfirst, dlast or d, elements are summed along a specific dimension or a range
of dimensions, resulting in an expression of reduced dimension. Note that the result of summing
over a dimension of size 0 is 0.0. This means that for an expression of shape (2,0,2), summing
over the second dimension yields an expression of shape (2,2) of zeros.

For example, if the argument is an n x m matrix then summing along the first dimension computes
the 1 x m vector of column sums, and summing over the second dimension computes the n x 1
vector of row sums.

Parameters

e expr (Ezpression) — An expression object.

v (Variable) — A variable.

d (int) — The dimension in which to sum.

dfirst (int) — The first dimension to sum.
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e dlast (int) — The last-plus-one dimension to sum.
Return (Ezpression)

Expr.toString

toString() -> str

Create a human readable string representation of the expression.
Return (str)

Expr.transpose

transpose() -> Expression

Transpose the expression. The expression must have at most two dimensions.
Return (Ezpression)

Expr.vstack

Expr.vstack(Expression[] exprs) -> Expression
Expr.vstack(Expression el, Expression e2) -> Expression
Expr.vstack(Expression el, Variable v2) -> Expression
Expr.vstack(Expression el, float a2) -> Expression
Expr.vstack(Variable v1, Expression e2) -> Expression
Expr.vstack(Variable v1, Variable v2) -> Expression
Expr.vstack(Variable v1, float a2) -> Expression

Expr.vstack(float al, Expression e2) -> Expression

Expr.vstack(float al, Variable v2) -> Expression
Expr.vstack(Expression el, Expression e2, Expression e3) -> Expression
Expr.vstack(Expression el, Expression e2, Variable v3) -> Expression
Expr.vstack(Expression el, Expression e2, float a3) -> Expression
Expr.vstack(Expression el, Variable v2, Expression e3) -> Expression
Expr.vstack(Expression el, Variable v2, Variable v3) -> Expression
Expr.vstack(Expression el, Variable v2, float a3) -> Expression
Expr.vstack(Expression el, float a2, Expression e3) -> Expression
Expr.vstack(Expression el, float a2, Variable v3) -> Expression
Expr.vstack(Expression el, float a2, float a3) -> Expression
Expr.vstack(Variable v1, Expression e2, Expression e3) -> Expression
Expr.vstack(Variable v1, Expression e2, Variable v3) -> Expression
Expr.vstack(Variable v1, Expression e2, float a3) -> Expression
Expr.vstack(Variable v1, Variable v2, Expression e3) -> Expression
Expr.vstack(Variable v1, Variable v2, Variable v3) -> Expression
Expr.vstack(Variable v1, Variable v2, float a3) -> Expression
Expr.vstack(Variable v1, float a2, Expression e3) -> Expression
Expr.vstack(Variable v1, float a2, Variable v3) -> Expression
Expr.vstack(Variable v1, float a2, float a3) -> Expression
Expr.vstack(float al, Expression e2, Expression e3) -> Expression
Expr.vstack(float al, Expression e2, Variable v3) -> Expression
Expr.vstack(float al, Expression e2, float a3) -> Expression
Expr.vstack(float al, Variable v2, Expression e3) -> Expression
Expr.vstack(float al, Variable v2, Variable v3) -> Expression
Expr.vstack(float al, Variable v2, float a3) -> Expression
Expr.vstack(float al, float a2, Expression e3) -> Expression
Expr.vstack(float al, float a2, Variable v3) -> Expression
Expr.vstack(float al, float a2, float a3) -> Expression

Stack a list of expressions vertically (i.e. along the first dimension). The expressions must have the
same shape, except for the first dimension. The arguments may be any combination of expressions,
scalar constants and variables.
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For example, if y',y2 3> are three horizontal vectors of length n (and shape (1,n)) then their
vertical stack is the matrix

,y1,
_y2_
_y3_
of shape (3,n).
Parameters
e exprs (Ezpression[]) — A list of expressions.
e el (Ezpression) — An expression.
Ezpression) — An expression.
Variable) — A variable.

float) — A scalar constant.

2 (
v2 (
a2 (

e vl (Variable) — A variable.
al (float) — A scalar constant.
e3 (Ezpression) — An expression.
v3 (

. Variable) — A variable.
e a3 (float) — A scalar constant.
Return (Ezpression)

Expr.zeros

Expr.zeros(int num) -> Expression

Create a vector of zeros as an expression.
Parameters num (int) — The size of the expression.

Return (Ezpression)

14.2.12 Class Expression

mosek.fusion.Expression
Abstract base class for all objects which can be used as linear expressions of the form Ax + b.

The main use of this class is to store the result of expressions created by the static methods provided
by Expr.

Members Ezpression.eval — Evaluate the expression into simple sparse form.
Ezpression.getModel — Return the Model object to which the expression belongs.
Expression.getShape — Get the shape of the expression.

Ezpression.inder — Get a single element in the expression.

Ezpression.pick — Pick a number of elements from the expression.
Expression.shape — Get the shape of the expression.

Ezpression.slice — Get a slice of the expression.

Ezpression.toString — Return a string representation of the expression object.
Ezpression.transpose — Transpose the expression.

Implemented by Ezpr
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Expression.eval

eval() -> FlatExpr

Evaluate the expression into simple sparse form.
Return (FlatEzpr)

Expression.getModel

getModel() -> Model

Return the Model object to which the expression belongs.
Return (Model)

Expression.getShape

getShape () -> Set

Get the shape of the expression.
Return (Set)

Expression.index

index(int i) -> Expression
index(int[] indexes) -> Expression

Get a single element in the expression.
Parameters
e i (int) — Index of the element to pick.
e indexes (int[]) — Multi-dimensional index of the element to pick.
Return (Ezpression)

Expression.pick

pick(int[] indexes) -> Expression
pick(int[][] indexrows) -> Expression

Picks a number of elements from the expression and returns them as a one-dimensional expression.
Parameters
e indexes (int[]) — Indexes of the elements to pick

e indexrows (int[|[]) — Indexes of the elements to pick. Each row defines a separate
multi-dimensional index.

Return (Ezpression)

Expression.shape

shape() -> Set

Get the shape of the expression.
Return (Set)
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Expression.slice

slice(int first, int last) -> Expression
slice(int[] firsta, int[] lasta) -> Expression

Get a slice of the expression.
Parameters

e first (int) — Index of the first element in the slice.

last (int) — Index of the last element in the slice plus one.

firsta (int[]) — Multi-dimensional index of the first element in the slice.

lasta (int[]) — Multi-dimensional index of the element after the end of the slice.
Return (Ezpression)

Expression.toString

toString() -> str

Return a string representation of the expression object.
Return (str)

Expression.transpose

transpose() -> Expression

Transpose the expression. The expression must have at most two dimensions.

Return (Ezpression)

14.2.13 Class FlatExpr

mosek.fusion.FlatExpr
Defines a simple structure containing a sparse representation of a linear expression; basically the
result of evaluating an Ezpression object.

Members FlatEzpr.size — Get the number of non-zero elements in the expression.

FlatEzpr.toString — Create a human readable string representation of the expres-
sion.

FlatExpr.size

size() -> int

Get the number of non-zero elements in the expression.
Return (int)

FlatExpr.toString

toString() -> str

Create a human readable string representation of the expression.

Return (str)
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14.2.14 Class LinPSDDomain

mosek.fusion.LinPSDDomain
Represent a linear PSD domain.

14.2.15 Class LinearConstraint

mosek.fusion.LinearConstraint
A linear constraint defines a block of constraints with the same linear domain. The domain is
either a product of product of one-dimensional half-spaces (linear inequalities), a fixed value vector
(equalities) or the whole space (free constraints).

The type of a linear variable is immutable; it is either free, an inequality or an equality, but the
linear expression and the right-hand side can be modified.

The class is not meant to be instantiated directly, but must be created by calling the Model.
varieble method.

Implements ModelConstraint

Members Constraint.add — Add an expression to the constraint expression.
Constraint.dual — Get the dual solution values of the constraint.
Constraint.get_model — Get the model to which the constraint belongs.
Constraint.get_nd — Get the number of dimensions of the constraint.
Constraint.indez — Get a single element from a constraint.
Constraint.level — Get the primal solution values of the constraint.
Constraint.shape — Return the constraint’s shape.
Constraint.size — Get the total number of elements in the constraint.
ModelConstraint.slice — Create a slice constraint.

ModelConstraint.toString — Create a human readable string representation of the
constraint.

14.2.16 Class LinearDomain
mosek.fusion.LinearDomain
Represent a domain defined by linear constraints
Members LinearDomain.integral — Creates a domain of integral variables.
LinearDomain.sparse — Creates a domain exploiting sparsity.
LinearDomain.symmetric — Creates a symmetric domain

LinearDomain.integral

integral() -> LinearDomain

Modify a given domain restricting its elements to be integral.
Return (LinearDomain)

LinearDomain.sparse

sparse() -> LinearDomain
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Modify a given domain exploting sparsity, i.e only instantiating the variables that are actually used
in the model.

Return (LinearDomain)

LinearDomain.symmetric

symmetric() -> SymmetricLinearDomain

Creates a symmetric domain

Return (SymmetricLinearDomain)

14.2.17 Class LinearPSDConstraint

mosek.fusion.LinearPSDConstraint
This class represents a semidefinite conic constraint of the form

Az —b >0

i.e. Ax — b must be positive semidefinite

Implements ModelConstraint

Members Constraint.add — Add an expression to the constraint expression.
Constraint.dual — Get the dual solution values of the constraint.
Constraint.get_model — Get the model to which the constraint belongs.
Constraint.get_nd — Get the number of dimensions of the constraint.
Constraint.indexr — Get a single element from a constraint.
Constraint.level — Get the primal solution values of the constraint.
Constraint.shape — Return the constraint’s shape.
Constraint.size — Get the total number of elements in the constraint.

LinearPSDConstraint.toString — Create a human readable string representation
of the constraint.

ModelConstraint.slice — Create a slice constraint.

LinearPSDConstraint.toString

toString() -> str

Create a human readable string representation of the constraint.

Return (str)

14.2.18 Class LinearPSDVariable

mosek.fusion.LinearPSDVariable
This class represents a positive semidefinite variable.

Implements ModelVariable

Members Baselariable.antidiag — Return the antidiagonal of a square variable ma-
trix.

BaseVariable.asEzpr — Create an expression corresponding to the variable object.
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BaselVariable.diag — Return the diagonal of a square variable matrix.
BaseVariable.dual — Get the dual solution value of the variable.
BaselVariable.getModel — Return the model to which the variable belongs.
BaseVariable. getShape — Return the shape of the variable.

BaseVariable.indez — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.

BaseVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaseVariable.makeInteger — Apply integrality constraints on the variable.

BaseVariable.pick — Create a slice variable by picking a list of indexes from this
variable.

BaseVariable.setLevel — Input solution values for this variable
BaseVariable.shape — Return the shape of the variable.

BaseVariable.size — Get the number of elements in the variable.
BaseVariable. transpose — Transpose a vector or matrix variable
LinearPSDVariable. toString — Create a string representation of the variable.

ModelVartable.slice — Create a slice variable by picking a range of indexes for
each variable dimension

LinearPSDVariable.toString

toString() -> str

Create a string representation of the variable.

Return (str)

14.2.19 Class LinearVariable

mosek.fusion.LinearVariable
A linear variable defines a block of variables with the same linear domain. The domain is ei-
ther a product of product of one-dimensional half-spaces (linear inequalities), a fixed value vector
(equalities) or the whole space (free variables).

The type of a linear variable is immutable; it is either free, an inequality or an equality.

The class is not meant to be instantiated directly, but must be created by calling the Model.
vartable method.

Implements ModelVariable

Members BaselVariable.antidiag — Return the antidiagonal of a square variable ma-
trix.

BaseVariable.asEzpr — Create an expression corresponding to the variable object.
BaseVariable.diag — Return the diagonal of a square variable matrix.
BaselVariable.dual — Get the dual solution value of the variable.
BaseVariable.getModel — Return the model to which the variable belongs.

BaseVariable.getShape — Return the shape of the variable.
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BaseVariable.index — Return a variable slice of size 1 corresponding to a single
element in the variable object..

BaseVariable. level — Get the primal solution value of the variable.

BaseVariable.makeContinuous — Drop integrality constraints on the variable, if
any.

BaselVariable.makeInteger — Apply integrality constraints on the variable.

Baselariable.pick — Create a slice variable by picking a list of indexes from this
variable.

BaseVariable.setLevel — Input solution values for this variable
BaselVariable.shape — Return the shape of the variable.
BaseVariable.size — Get the number of elements in the variable.
BaselVariable. toString — Create a string representation of the variable.
Baselariable. transpose — Transpose a vector or matrix variable

ModelVariable.slice — Create a slice variable by picking a range of indexes for
each